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1 Probability Space

The main concept of probability is a random experiment, i.e. an experiment with an
uncertain outcome. Associated with random experiments is the probability space which
is made of three ingredients:

1. the collection of all possible outcomes: sample space €2;
2. the collection of all possible events: o-algebra F;

3. the probability measure P;

and we write it as
(Q,F,P).

1.1 Sample space

Experiment: a procedure which can be repeated any number of times and has a well-
defined set of possible outcomes.

Sample outcome: a potential eventuality of the experiment. The notation w is used for
an outcome.

Sample space: the set of all possible outcomes. The notation 2 is used for the sample
space of an experiment. An outcome w is a member of the sample space €2, that is, w € ().

Example: a fair six-sided die is thrown once. The outcomes are numbers between 1 and
6, i.e. the sample space is given by Q2 = {1,...,6}.

Example: a fair six-sided die is thrown twice. The outcomes are pairs of numbers be-
tween 1 and 6. For example, (3,5) denotes a 3 on the first throw and 5 on the second. The
sample space is given by Q = {(4,j) : i =1,...,6, j = 1,...,6}. In this example the
sample space is finite so can be written out in full:

(1,1 (1,2) (1,3) (1.4) 1,5 (1,6)
2,1 22 23) 24 25 26
3.1 32 33) G4 35 3.6)
4,1 42 43 44 45 46
S, 32 B3 G4 (55 (5,6)
6,1) (6,2) (6,3) (64) (6,5 (6,6)



Example: the measurement of people’s height has the positive real numbers as sample
space, if we allow for infinite precision in the measurement.

Example: assume to have an experiment with a given sample space (2, then the experi-
ment corresponding to n replications of the underlying experiment has sample space (2".
Notice that, in principle we can repeat an experiment infinitely many times.

1.2 Elementary set theory

Notation: given a sample space (), we define the following objects:

Set terminology Probability terminology

A Subset of (2 Event some outcome in A occurs
A¢  Complement Event no outcome in A occurs
AN B Intersection Event outcome in both A and B occur
AUB Union Event outcome in A and/or B occur
A\B Difference Event outcome in A but not in B occur

A C B Inclusion If outcome is in A it is also in B occur

() Empty set Impossible event

2 Whole space Certain event

Properties of Intersections and Unions

1. Commutative: AN B = BN A,
AUB=BUA.

2. Associative: AN (BNC)=(ANnB)NC,
AU(BUC)=(AUB)UC.

3. Distributive: AN (BUC)=(ANB)U(ANC),
AUu(BNC)=(AUuB)N(AUCQC).

4. With whole space: AN = A,
AUQ=Q.

5. Withempty set: ANQ =0,
AU = A.



Properties of the complement set: A° = Q\ A, thatis,w € A° <= w ¢ A.

1. (A°)° = A.
2. AN Ac = ).
3. AU A = Q.

4. (AUB)° = A°n B-.

5. De Morgan’s theorem (a generalization of 4| above): (|J;_; 4:)¢ = (N, AS.
Partition of Q: {A;,..., A,} is a partition if:

1. mutually exclusive: A; N A; = 0 for any i # j, so Ay,..., A, are disjoint sets;

2. exhaustive: | J | A; =

3. not-empty: A; # () for any 1.

Notice that n can be infinite.

1.3 Events

For any experiment, the events form a collection of all the possible subsets of {2 which we
denote F and has the following properties:

1. e F,
2. if A € F then A¢ € F,
3. if Ay, Ay, ..., € F, then |2, A; € F. The union has to be infinite.

Any collection of subsets with these properties is known as a o-algebra.

If Q2 has n elements, then F has 2" elements. Indeed, the number of elements of F is
made of the sum of all possible combinations of n elements, i.e., for any 0 < k£ < n, we
need to compute all the possible k-elements subsets of an n-elements set:

" /n
= 2"
> (1)
k=0

The binomial coefficient is also used to find the coefficients of binomial powers, the gen-

eral formula is .
n _
(+y)" =) <k>x" byt

k=0
and by setting x+ = y = 1 we have the result above. Another useful formula for the

binomial coefficient is
n\ n!
k) (n—k)E
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1.4 Probability

In an experiment the intuitive definition of probability is the ratio between the number of
favorable outcomes over the total number of possible outcomes or with the above notation,
the probability of an event A C €2, such that A € F, is:

_ #telements in A

P(A) = .
(4) #elements in {2

Slightly more sophisticated is the “frequentist” definition of probability which is based

on the frequency f,, with which a given event A is realized, given a total number n of

repetitions of an experiment:
P(A) = lim f,.

Example: if we toss a fair coin the sample space is 2 = { H, T'}, then the event A = {H }

has probability sl Cind 1
elements in

P({H}) = -

#elements in Q) 2

Alternatively, we could compute this probability by tossing the coin n times, where n is
large, and compute the number of times we get head say k,,. If the coin is fair, we should
get
k 1
P({H}) = lim — = =,
() =l =5 =5

We here adopt a more mathematical definition of probability, based on the Kolmogorov
axioms.

Probability measure: is a function P : F — [0, 1], such that

1. P(A) >0,
2. P(Q) =1,
3. if Ay, A,, ..., is an infinite collection of mutually exclusive members of F then
P(JA) =) P(A),
i=1 i=1
This in turn implies that for any finite collection Ay, A,, ..., A,, of mutually exclu-

sive members of F then .

P(UAz') = ZP(Az)

=1

We can associate a probability space (€2, F, P) with any experiment.

Properties of probability measures



1. P(A°) =1— P(A).

2. P(A) < 1.

3. P(0) =0.

4. P(BN A°) = P(B) — P(AN B).

5. P(AUB) = P(A) + P(B) — P(AN B).

6. If A C B then P(B) = P(A) + P(B\A) > P(A).

7. More generally if Ay, ..., A, are events then
P (U AZ) =Y P(A4)=> P(ANA)+ Y P(ANANA)+. . .+(=1)"TP(AiN...NA,).
i=1 7 i<j <j<k

8. For any partition Ay, ..., A, of 2
P(B)=> P(BNA,).
i=1

Notice that n can be infinite.

9. Boole’s inequality:

2 Counting or occupancy models

Multiplication rule for counting ordered sequences: an operation A; can be performed
in n; different ways for ¢ = 1, ..., k. The ordered sequence (operation A, operation As,
..., operation Ay) can be performed in n; - ny - ... - n, ways. We write this product as

k
[Tizi ni.

When the sample space (? is finite and all the outcomes in € are equally likely, we calcu-
late the probability of an event A by counting the number of outcomes in the event:

_ #elementsin A |A|
~ FelementsinQ  |Q)]

P(A)

Consider the following problem: £ balls are distributed among n distinguishable boxes
in such a manner that all configurations are equally likely or analogously (from the mod-
eling point of view) we extract k£ balls out on n. We need to define the sample space
and its cardinality, i.e. the number of its elements. The balls can be distinguishable or
undistinguishable which is analogous to saying that the order in the extraction matters or
not. Moreover, the extraction can be with or without replacement, i.e. the choice of a ball

9



is independent or not from the ball previously chosen. In terms of balls and boxes this
means that we can put as many balls as we want in each box (with replacement) or only
one ball can fit in each box (without replacement).

There are four possible cases (three of which are named after famous physicists).

Ordered (distinct), without replacement (dependent): in this case we must have £ < n
and the sample space is

Q={(w...wp) : 1 <w; <nViw; #w,;fori+#j},

where w; is the box where ball ¢ is located. All the possible permutations of £ balls that
can be formed from n distinct elements, i.e. not allowing for repetition, are

Q=n-(n—1)-(n—2)...-(n—k+1) =

(n—k)!"

Ordered (distinct), with replacement (independent) - Maxwell-Boltzmann: the sam-
ple space is
Q={(wr...w) : 1 <w; <nVi},

where w; is the box where ball 7 is located. Each ball can be selected in n ways, so the
total number of outcomes is

Q=n-n-...-n=n"
————

ktimes

Unordered (not distinct), without replacement (dependent) - Fermi-Dirac: again we
need £ < n and the sample space is

Q= {(wl...wn) . wi:{O,l}Vz’and Zwi:k},
i=1

with box ¢ occupied if and only if w; = 1. Starting from the case of distinct balls, we have
to divide out the redundant outcomes and we obtain the total number of outcomes:

Q=) =) (kD) nl :(n)

1-2-.. .k T K-k \k

Unordered (not distinct), with replacement (independent) - Bose-Einstein: the sample
space is
Q= {(wl...wn) : 0<w; <kViand Zwi:kz},
=1
with w; the number of balls in box 4. This is the most difficult case to count. The easiest

way is to think in terms of £ balls and n boxes. We can put as many balls as we want in
each box and balls are identical. To find all the possible outcomes it is enough to keep
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track of the balls and of the walls separating the boxes. Excluding the 2 external walls,
we have n + 1 — 2 = n — 1 walls and £ balls, hence we have n — 1 + k objects that can
be arranged in (n — 1 + k)! ways. However, since the balls and the walls are identical we
need to divide out the redundant orderings which are k!(n — 1)!, so

Q| = (Z!(—nljll)c!)! _ (n—l%—k).

k

Example: in a lottery 5 numbers are extracted without replacement out of {1,...,90}.
Which is the probability of extracting the exact sequence of numbers (1,2, 3,4,5)?
The possible outcomes of this lottery are all the 5-tuples w = (wy,...,ws) such that
w; € {1,...,90}. We can extract the first number in 90 ways, the second in 89 ways and
SO on, SO

90!

|2l =90-89-88-87-86=—-.
85!

Since all the outcomes are equally likely, the probability we are looking for is 85!/90! ~
1/510°.

Example: if in the previous example the order of extraction does not matter, i.e. we look
for the probability of extracting the first 5 numbers independently of their ordering, then
() contains all the combinations of 5 numbers extracted from 90 numbers:

- (%)

Since all the outcomes are equally likely, the probability we are looking for is 1/ (950) ~
1/4107 so as expected it is greater than before, although still very small!

Example: which is the probability that, out of n people randomly chosen, at least two
were born in the same day of the year? We can define a generic event of the sample space
asw = (wy,...,w,) such thatw; € {1,...,365}. Each birth date can be selected n times
SO

2] = 365365 -...-365 = 365".

ntimes

Now we have to compute the number of elements contained in the event A = {w € Q :
w has at least two identical entries}. It is easier to compute the number of elements of the
complement set A° = {w € Q : whas all entries distinct}. Indeed A° is made of all
n-tuples of numbers that are extracted out of 365 numbers without replacement, so the

first entry can be selected in 365 ways, the second in 364 ways and so on, then
. 365!
141 = gy
(365 — n)!

If we assume that the outcomes of (2 are all equally likely (which is not completely correct
as we now that birth rates are not equally distributed throughout the year), then

- 365!
365" (365 — n)!”

P(A) =1

11



which for n = 23 is 0.507, for n = 50 is 0.974, and for n = 100 is 0.9999997.

Example: an urn contains b black balls and r red balls, we extract without replacement
n < (b + r) balls, what is the probability of extracting k red balls? We first compute all
the possible ways of extracting without replacement n balls out of (b + r), then |Q] =

(b:T). Let us assume that the all the balls are numbered and that the red ones have index
{1,...,r} while the black ones have index {r +1,...,b+ r} so we are interested in the
event

A = {w : w contains exactly k elements with index < r},

then is like asking for the all possible ways of extracting k balls out of r and n — £ balls
out of b, therefore
r b
(1) G e)

)

P(A) =

Reading

Casella and Berger, Sections 1.1, 1.2.

3 Conditional probability

Let A and B be events with P(B) > 0. The conditional probability of A given B is the
probability that A will occur given that B has occurred,;

P(AN B)

It is as if we were updating the sample space to B, indeed P(B|B) = 1. Moreover, if A
and B are disjoint, then P(A|B) = P(B|A) = 0, once one of the two events took place
the other becomes impossible.

By noticing that
P(ANB)=P(A|B)P(B) and P(ANB)= P(B|A)P(A),

we have the useful formula

P(A|B) = P(B|A)%.

Law of total probability: if A;,..., A, is a partition of {2 and B is any other event
defined on €2, then

P(B) = ZP(B\AZ-)P(AJ-

12



Notice that n can be infinite.

Bayes’ rule: if A, ..., A, is a partition of {2 and B is any other event defined on (2, then
forany j =1,...,n

P(4;) P(BJA;)P(4;)

P(4;1B) = P(BIA}) 7 = S P(BJA)P(A;)

Notice that n can be infinite.

Multiplication rule for intersections: let Ay, ..., A, be a set of events defined on (2,
n n 7j—1
i=1 j=1 i=0

where we define Ay = Q.

4 Independence

If the occurrence of an event B has no influence on the event A then

P(A|B) = P(A),
then from previous section
_ P(B) _
P(B|A) = P(A\B)m = P(B),

so A has no influence on B, moreover from Bayes’ rule
P(ANB)= P(A)P(BJ|A) = P(A)P(B),

and this is the definition of statistical independence. Two events A and B are said to be
independent (A | B) if and only if

P(ANB) = P(A)P(B).

1. If P(A) > 0 then P(B|A) = P(B) < A | B.
If P(B) > 0 then P(A|B) = P(A4) <= A 1 B.

2. If A1l Bthen A¢ 1 B¢, A° 1 Band A 1 B°.

A collection of events Ay, ..., A, is said to be mutually independent if for every
subset A4, ,..., A; we have



Example A common misconception is that an event A is independent of its complement
A°. In fact, this is only the case when P(A) € {0, 1} (check this!). Otherwise, the
events A and A° since the never occur at the same time and hence the probability of their
intersection is zero.

Example: another common misconception is that an event is independent of itself. If A
is an event that is independent of itself, then

P(A) = P(AN A) = P(A)P(A) = (P(A))*.

The only finite solutions to the equation z = z? are z = 0 and z = 1, so an event is
independent of itself only if it has probability O or 1.

Example: consider tossing a coin 3 times, then we have 23 = 8 possible outcomes and if
the coin is fair each outcome has probability % If we define H; the event of having head
at the the ¢-th toss for ¢« = 1, 2, 3 we have only four possible outcomes contained in each
event H;, therefore L1
P(H;) = 3= 3 for i =1,2,3.
To verify that ;s are independent we need to compute
1

P(H, 0 Hy 0 Hy) = PUHEHY) = £ = 3 - 5+ = P(HY)P(H) P(H;),

but we also have to compute for any ¢ # j
P(H; N H;) = P(H;)P(H;),

so for example when¢ = 1and j = 3

P(H,NH;) = P({HTH,HHH}) = % = = P(H,)P(H;).

1
2

N | —

Example: consider tossing a tetrahedron (i.e. a die with just four faces) with a red, a blue,
a yellow face, and a face with all three colours. Each face has equal probability 711 to be
selected[] We want to see if the events: red (R), green (), blue (B) are independent. The
probability of selecting any colour is then P(R) = P(G) = P(B) = 3 since all colours
appear twice on the tetrahedron. Consider the conditional probability

P(RG) 1/4 1

so the event R is independent of the event (G, by repeating the same reasoning with all
couples of colours we see that colours are pairwise independent. However, we do not
have mutual independence indeed, for example,

P(RGB) 1/4

P(RIGB) = 5o _mzl;«éP(R):%.

'Due to its geometry in this case the selected face is the bottom one once the tetrahedron is tossed.
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Example. Consider the following game: your ST202 lecturer shows you three cups and
tells you that under one of these there is a squashball while under the other two there is
nothing. The aim of the Monty Squashball proble is to win the squashball by picking
the right cup. Assume you choose one of the three cups, without lifting it. At this point
one of the remaining cups for sure does not contain the ball and the your lecturer lifts
it showing emptiness (selecting one at random if there is a choice). With two cups still
candidates to hide the squashball, you are given a second chance of choosing a cup: will
you stick to the original choice or will you switch to the other cup?

We can model and solve the problem by using conditional probability and Bayes’ rule.
The probability of getting the ball is identical for any cup, so

P(ballisin k) = %, k=1,2,3.
Once you choose a cup (say z), your ST202 lecturer can lift only a cup with no ball and

not chosen by yourself, he will lift cup j (different from 7 and k) with probability

1 . .
) le:k',

P(ST202 lecturer lifts j|you choose ¢ and ball is in k) = { itk

Let us call the cup you pick number 1 (we can always relabel the cups). Using Bayes’
rule we compute (for j # k and j # 1)

P(ST202 lecturer lifts j| ball is in k) P(ball is in k)
P(ST202 lecturer lifts j)

P(ball is in k| ST202 lecturer lifts j) =

Since P(ball is in k) = 1/3, we are left to compute (for j # 1)

]

P(lecturer liftsj) = P(lecturer lifts j| ball is in k) P(ball is in k)
k=1
1 1 40 1 4 1 1
= —x— * — ¥ — = —.
2 3 3 3 2

This can also be seen by symmetry and law of total probability.

So if you choose cup 1 and the ST202 lecturer lifts cup 2, the probability that the ball
isin cup 3 is

‘wp—A
[N

P(ball is in 3|ST202 lecturer lifts 2) = 1 =_.
2
while the probability that the ball is in cup 1, i.e. the cup you chose at the beginning

N[
W=

: 1
P(ball is in 1|ST202 lecturer lifts 2) = =3

D=

Hence, switching gives a higher probability of winning the squashball.

’this is an eco-friendly version of the famous Monty Hall problem which has “doors” for “cups”, “goats”
for “nothing” and a “car” for “squashball”; no animals are harmed in the Monty Squashball problem. It
is also closely related to Bertrand’s box paradox and the Prisoners’ paradox (not to be confused with the
Prisoners’ dilemma)

15



Reading

Casella and Berger, Sections 1.3.

5 Random variables

We use random variables to summarize in a more convenient way the structure of experi-
ments.

Borel o-algebra: is the o-algebra B(R) (called the Borel o-algebra) on 2 = R, i.e.
the o-algebra generated by (i.e. the smalles sigma-algebra containing) the intervals (a, b]
where we allow for « = —oo and b = +o0.

We could have equally have taken intervals [a, b] (think about this for a while!).

Random variable: a real-valued function is defined on the sample space
X:Q—R

with the property that, for every B € B(R), X ' (B) € F.

Define, for all x € R, the set of outcomes
Ay ={weQ: X(w) <z}

then A, € F. Thus, A, is an event, for every real-valued .

The function X defines a new sample space (its range) and creates a bijective correspon-
dence between events in the probability space (2, F, P) with events in the probability
space (R, B(R), Py ) which allows for easier mathematical computations. We need to de-
fine the probability measure on the Borel o-algebra.

Example: consider the experiment of tossing a coin n times, the sample space is made of
all the n-tuples w = (wy,...,w,) such that w; = 1 if we get head and w; = 0 if we get
tail. An example of random variable is the function: number of heads in n tosses which

we can define as .
X(w) =) w.
i=1

Consider the case in which we get m times head with m < n. Then, for every number m
we can define the event A, = {w = (wy,...,w,) € Q: X(w) =" w; =m}.

Notice that in this example the random variables have only integer values which are a
subset of the real line. Notice also that the original sample space is made of 2" elements,

16



while the new sample space is made of the integer numbers {0 ..., n} which is a smaller
space.

Example: consider the random walk, i.e. a sequence of n steps w = (wy, .. .,w,) such
that the ¢-th step can be to the left or to the right. We can introduce a random variable that
represents the i-th step by X;(w) = 41 where it takes the value 1 if the step is to the left
and -1 if the step is to the right. We can also introduce the random variable that represents
the position of the random walk after k steps: Yi(w) = Y2, Xi(w).

5.1 Cumulative distribution function
We must check that the probability measure P defined on the original sample space {2 is
still valid as a probability measure defined on R. If the sample space is 2 = {w1, ..., w,}

and the range of X is {z1,...,z,,}, we say that we observe X = z; if and only if the
outcome of the experiment is w; such that X (w;) = z;.

Induced probability: we have two cases

1. finite or countable sample spaces: given a random variable X, the associated prob-
ability measure Py is such that, for any z; € R,

PX(X = .Z'Z) = P({U.Jj €0 X(wj) = .I'Z})

2. uncountable sample spaces given a random variable X, the associated probability
measure Py is such that, for any B € B(R),

Px(X € B)=P({we Q: X(w) € B}).

Hereafter, given the above equivalences, we denote Px simply as P.

Cumulative distribution function (cdf): given a random variable X, it is the function
F:R—[0,1], st. F(z)=P(X <z),VzeR.
Properties of cdfs: F'is a cdf if and only if

1. Limits: lim, , ., F'(x) = 0and lim,_,,, F(z) = 1.

2. Non-decreasing: if z < y then F'(z) < F(y).

3. Right-continuous: lim;_,o+ F'(z + h) = F(z).
Probabilities from distribution functions
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1. P(X >z2)=1- F(a);
2. P(zx < X <y)=F(y) — F(x);
3,

"U

(

(

(X <z)=limy_o- Flx+h)=F(z7);
4. P(

“U

X =) = F(z) — F(z").

Identically distributed random variables: the random variables X and Y are identi-
cally distributed if, for any set A € B(R), P(X € A) = P(Y € A). This is equivalent to
saying that F'x (z) = Fy (z), for every x € R.

Example: in the random walk the step size random variable X; is distributed as:

while
Fx(-1)=— Fx(1) =1.

The random variables X; are identically distributed. Moreover, they are also independent
SO

P(w)=P(Xi =wi,..., X =w,) = [ P(Xi = wy),
for any choice of wy, ...,w, = 1. Therefore, all n-tuples w are equally probable with
probability

1 1
P((-U):P<X1:wl,...,Xn:wn):H§:2_71.

Consider the random variable Z the counts the steps to the right, then the probability of
having k steps to the right and n — k steps to the left is

P(Z =k)=Fz(k) = (#of ways of extracting k 1s out of n) ( Prob. of a generic w)
~ (n)\ 1
- \k) 2

We say that X; follows a Bernoulli distribution and Z follows a Binomial distribution.
The previous example of a fair coin can be modeled exactly in the same way but this time
by defining X;(w) =0 or 1.

5.2 Discrete random variables

A random variable X is discrete if it only takes values in some countable subset {x1, o, ...}
of R, then F'(z) is a step-function of z, but still right-continuous.
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Probability mass function (pmf): given a discrete random variable X, it is the function

f:R—[0,1] st. f(z)=P(X =2) Vzek
Properties of pmfs
1. f(z)=F(z)— F(z7);
2. F(x) =Yg <0 [ (20);
3. sz(xz) =1
4. f(x)=0ifz ¢ {1, 29,...}.

5.3 Continuous random variables

A random variable X is continuous if it takes values in R and its distribution function
F(z) is an absolutely continuous function of = (F is differentiable “almost everywhere”)

Probability density function (pdf): given a continuous random variable X, (a version
of) its density is an integrable function f : R — [0, +00) such that the cdf of X can be
expressed as

F(z) = / f(u)du VzeR.
Properties of continuous random variables
1. P(X =z)=0forany x € R;
2. [T f(z)de = 1;
3. f(z) > 0forany z € R;
4. [ f(u)du = P(a < X <b).

Notice that, in principle, any nonnegative function with a finite integral over its support
can be turned into a pdf. So if

/ h(z)de = K < o0
ACR

for some constant K > 0, then h(x)/K is a pdf of a random variable with values in A.

Unified notation: given a random variable X;

b Zi:a<xi§b f(xi)a if X diSCI‘ete,
P(a<X§b):/ dF () =
’ f; f(u)du, if X continuous.
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Reading

Casella and Berger, Sections 1.4 - 1.5 - 1.6.

6 Expectations

Mean: given a random variable X, its mean is defined as

> xif(x), if X discrete,

+oo
,u:E[X]:/ rdF (z) =
—o0 [T 2 f(x)dr, if X continuous,

—00

where f is either the pmf or the pdf. The definition holds provided that | _Jr;o |z|dF(x) <
0.

If we interpret 1 as a good guess of X we may also be interested to have a measure of the
uncertainty with which X assumes the value p, this is known as variance of X.

Variance: given a random variable X, its variance is defined as

oo Soi(wi — ) f (), if X discrete,
o? = Var[X] = / (x — p)?dF(z) =
> fjoc;o(x — w)?f(x)dz, if X continuous,

where f is either the pmf or the pdf. The standard deviation is defined as 0 = / Var[X].
Notice that 0® = E[(X — 4)?]. The definition holds provided that [ (z — p)?dF (z) <
00.

Expectations: for an integrable function g : R — R such that [~ _|g(z)|dF(z) < oo,
the expectation of the random variable g(X) as

oo Y9 fa), if X discrete,
Blg(X)] = / g(x)dF(z) =

— o0 f+00

—00

g(z) f(x)dz, if X continuous,

Note that we have cheated a bit here, since we need to show in fact that g(.X) is a random
variable and also that the given expression corresponds to the one given above for the
random variable g(X ). This can be done but is beyond the scope of ST202. Feel free to
ask me if you would like to hear more about this.

Properties of expectations: for any constant a, integrable functions g; and g», and ran-
dom variables X and Y:

1. Ela] = a;
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2. Elagi(X) + bg2(Y)] = aE[g2(X)] + bE[ga(Y)];
3. if X > Y then E[X] > E[Y];
4. Var[ag,(X) + b] = a*Var[g; (X)].

The variance of X can be written in a more convenient form

Var[X] = E[(X — E[X])?] E[X?+E[X]* - 2E[X]X] =
[X?] + E[X]* — 2E[X]* =
X? - E[X]*.

[X7] - E[X]

E
E

6.1 Moments

Moments are expectations of powers of a random variable. They characterise the distribu-
tion of a random variable. Said differently (and somewhat informally), the more moments
of X we can compute, the more precise is our knowledge of the distribution of X.

Moment: given a random variable X, for r a positive integer then the r** moment, ., of
X is
Yoo Yoalf(x), if X discrete,

iy = E[X7] = / v dF(z)
- f_Jr;o z" f(z)dz, if X continuous,

where f is either the pmf or the pdf. The definition holds provided that [ jozo |z|"dF(z) <
0.

Central moment: given a random variable X, the r*" central moment, m, is
m, = E[(X — )]

The definition holds provided that fj;o |z|"dF'(z) < oo. so if the r-th moment exists,
then also the r-th central moment exists.

Properties of moments:

1. mean: py = E[X]| = pand my; = 0;
2. variance: my = E[(X — p;)?] = Var[X] = ¢
3. coefficient of skewness: v = E[(X — u1)3]/0® = m3/m
4. coefficient of kurtosis: x = (E[(X — u1)1]/0?) = (my/m3).
What would a distribution with postive skew and large kurtosis look like?
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6.2 Inequalities involving expectations

A general inequality: let X be a random variable with X' > 0 and let g be a positive
increasing function on R™, then, for any a > 0,

Elg(X)]

P(g(X) >a) <

There are two special cases.

1. Markov’s inequality: let X be a random variable with X > 0 and E[X| defined,
then, for any a > 0,

E/ X
P(X >a) < [ ]
a
2. Chebyshev’s inequality: let X be a random variable with E[X?] < oo, then, for
any a > 0,
Var[ X
P((X —B[X])? > a) < 22X,
a

Jensen’s inequality: If X is a random variable with E[X] defined, and ¢ is a convex
function with E[g(X )] defined, then

E[g(X)] = g(E[X]).

6.3 Moment generating functions

These are functions that help to compute moments of a distribution and are also useful
to characterie the distribution. However, it can be shown that the moments do not char-
acterise the distribution uniquely (if you would like to know more about this, check the
log-normal distribution).

Moment generating function (mgf): given a random variable X, it is a function

M :R —[0,00) s.t. M(t) = E[e"],

where it is assumed M (t) < oo for [t| < h and some h > 0, i.e. the expectation exists in
a neighborhood of 0. Therefore,

Yoo Soeif(xy), if X discrete,
M(t) = / e dF(x) =

e f_t:o e f(x)dz, if X continuous.

Properties of mgfs: if X has mgf M (¢) then
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1. Taylor expansion:

2 A — EX7]
M(t):1+tE[X]+§E[X2]+---+ﬁE[X]+---=ZT7«”5
j=0

2. the r*® moment is the coefficient of ¢" /r! in the Taylor expansion;

3. derivatives at zero:

pr = E[X"] = MD(0) = S;M (t)

t=0

Proof: by differentiating M (¢) (in a neighbourhood of 0 assuming existence)

d d [T
—M(@) = — TAF(z) =
M) a ) ¢ @)
+o0 d
= /_Oo EemdF(x) =
+oo
= / redF (z) =
= E[Xe,
and in general
d’l"

M(t) = E[X"e™X
S M (1) = E[X7e™],

by imposing ¢ = 0 we get the desired result.

Uniqueness: let F'y and Fy be two cdfs with all moments defined, then:
1. if X and Y have bounded support, then Fx(z) = Fy(z) for any € R if and only
if E[X"] = E[Y"] for any r € N;
2. if the mgfs exist and Mx(t) = My(t) for all |[t| < h and some h > 0, then
Fx(z) = Fy(x) forall x € R.

Cumulant generating function (cgf): given a random variable X with moment generat-
ing function M (¢), it is defined as

K(t) =log M(t).

Cumulant: the rth cumulant, ¢,, is the coefficient of " /r! in the Taylor expansion of the
cumulant generating function K (¢):

dr‘
¢ = K"(0) = )

t=0

Properties of cgfs:
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1. ¢; = p1 = p (mean, first moment);
2. ¢y = my = o (variance, second central moment);
3. c¢3 = mg (third central moment);

4. c4 + 303 = my (fourth central moment).

Reading

Casella and Berger, Sections 2.2 - 2.3.

7 Distributions

7.1 Discrete distributions
Degenerate: all probability concentrated in a single point a.

* f(x)=1 forz=a.

Bernoulli: trials with two, and only two, possible outcomes, here labeled X = 0 (failure)
and X = 1 (success).

e flz)=p*(1—p)t=® forz=0, 1.
* M(t)=1-p+pe, K(t)=log(l—p+pe).
*pn=p, o =p(l-p)

Binomial: we want to count the number of successes in n independent Bernoulli trials,
each with probability of success p. Consider n random variables Y; with just two possible
outcomes Y; = 0, 1, their sum X = 2?21 Y, is the total number of successes in n trials,
so 0 < X < n. Notation X ~ Bin(n,p). We need to count all the possible ways to
extract  numbers out of n and multiply this number for the probability of success given
by the Bernoulli distribution.

e f(z) = ﬁpx(l —p)" T = (Z)px(l —p)* forzx=0,1,..., n.
« M(t)=(1—p+pe), K(t)=nlog(l—p+pe).
« p=mnp, o’>=np(l—p).
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The Bernoulli distribution is equivalent to a binomial distribution with n = 1.

Examples: tossing a coin n times and counting the number of times we get head (or tail);
n steps in the random walk and counting the steps to the right (or to the left).

Suppose to roll a die k times and we want the probability of obtaining at least one 3. So
we have k£ Bernoulli trials with success probability p = 1/6. Define the random variable
X that counts the total number of 3 in & rolls, then X ~ Bin(k,1/6) and

P(atleastone 3) = P(X >0)=1-P(X =0)=1- (S) (%)0 (g)k: b (g)k

If, by throwing two dice, we were interested in the probability of at least double 3 we
would get

35\ "
P(at least one double 3) = 1 — (%> < P(at least one 3),

since 35/36 > 5/6.

Computing the moments and mgf of the binomial distribution: just notice that a bino-
mial random variable X is the sum of n Bernoulli independent random variables Y;, each
with mean E[Y;] = p and variance Var[X] = p(1 — p) hence

=1 i=1

E[X] = E

and (independence is crucial here)
Var[X] = ZVar[Y;] =np(1l —p).
i=1

The mgf is computed as

M(t) = i e'” (Z)px(l -p)""

z=0

Il
Il 3
(@)
Y
> 3
~__~
=
mﬁ-
=
—
|
=
3
I
8

use the binomial expansion

and by substituting u = pe' and v = 1 — p we get
M(t) = (pe' +1 —p)™.

Negative Binomial: we want to count the number of Bernoulli trials necessary to get a
fixed number of successes (i.e. a waiting time). Consider a random variable X denoting
the trial at which the 7" success occurs. We want the distribution of the event {X = x}
for x = r,r 4+ 1,.... This event occurs only if we had » — 1 successes in x — 1 trials and
a success at the z'? trial. By multiplying these probabilities we have
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It is also the defined in terms of the number of failures before the r'"" success.

Geometric: to count the number of Bernoulli trials before the first success occurs. Equiv-
alent to a negative binomial with r = 1.

e f(z)=(1 —p)xflp forz =1, 2,....

o M(t) = —2= K(t) = —log{(1 — )+ 1e7"} for |t| < —log(1 — p).

1—(1—p)et?

This distribution is memoryless, indeed, if X follows a geometric distribution, then, for
integers s > t,
PX>snNnX>t) P(X>s)
(X > s]X > ) P(X > 1) P(X > 1)
= (1-p)"'=PX >s—1t),

Given that we observed ¢ failures we observe an additional s — ¢ failures with the same
probability as we observed s — t failures at the beginning of the experiment. The only
thing that counts is the length of the sequence of failures not its position.

Hypergeometric: it is usually explained with the example of the urn model. Assume to
have an urn containing a total of /V balls made up of N; balls of type 1 and N, = N — NV,
balls of type 2, we want to count the number of type 1 balls chosen when selecting n < N
balls without replacement from the urn.

o fl@)="H /() forz e {0,....n}N{n—(N—N),...,Ni}.

xT n—x n

_ N 2 _ Ny N-Ni N-n
tp=n 0" =N"N"N N-1

Uniform: for experiments with /V equally probable outcomes
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Poisson: to count the number of events which occur in an interval of time. The assumption
is that for small time intervals the probability of an occurrence is proportional to the length
of the waiting time between two occurrences. We consider the random variable X which
counts the number of occurrences of a given event in a given unit time interval, it depends
on a parameter A which is the intensity of the process considered. Notation Pois(\).

o flz) =22 forz =0, 1,...
° M(t) — e)\(et_l)7 K(t) — /\(6t _ 1)

s =2\ o=\
The intensity is the average number of occurrences in a given unit time interval. Notice
that the Poisson distribution can also be used for the number of events in other specified
intervals such as distance, area or volume.

Example: think of crossing a busy street with an average of 300 cars per hour passing. In
order to cross we need to know the probability that in the next minute no car passes. In
a given minute we have an average of A = 300/60 = 5 cars passing through. If X is the
number of cars passing in one minute we have
e—°5°
0!

maybe is better to cross the street somewhere else. Notice that A has to be the intensity
per unit of time. If we are interested in no cars passing in one hour then A\ = 300 and
clearly the probability would be even smaller. If we want to know the average number of
cars passing in 5 minutes time then just define a new random variable X which counts the

cars passing in 5 minutes, which is distributed as Poisson with A = 300/12 = 25 and this
is also the expected value.

P(X =0) = =6.7379 - 107,

The Poisson approximation: if X ~ Bin(n,p) and Y ~ Pois(\) with A = np, then for
large n and small p we have P(X = z) ~ P(Y = x). More rigorously we have to prove
that for finite A = np

lim Fx(z;n,p) = Fy(z; )

n—oo

we can use mgfs and prove equivalently that

lim My (t;n,p) = lim (1 —p+ pel)” = MY = My (t; \).
n—oo n—oo

Proof: we can use the following result: given a sequence of real numbers s.t. a,, — a for
n — 00, then

lim (1 + &)n = e
n—oo n
Now
1 n
lim Mx(t;n,p) = lim (1 —p+ pe")” = lim (1 + —(ef — 1)np) =
n—o0o n—o00 n—00 n

1 " '
= lim (1 + —(ef — 1))\) = Mo,
n

n—oo
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7.2 Continuous distributions

Uniform: a random number chosen from a given closed interval [a, b]. Notation U (a, b).
« flz)=3= fora<az<b.

* M(t) = 6:&:“;; fort #0 and M(0) = 1.

_ a+b 2 _ (b—a)?
C =T, 00 = T

Normal or Gaussian: this is the most important distribution. Notation N (1, 02).

s flz) = #Ee_(x_“)z/(%z) for —oco < x < 0.

« M(t) = pht+o?t2 /2.
e E[X]=p, Var[X]=oc2%
If X ~ N(u,0?) then (X — pu)/o = Z ~ N(0,1), is a standard normal distribution, i.e.

with zero mean and unit variance. We can use the moments of Z to compute the moments
of X, indeed

EX]| =E[u+oZ] = pu, Var[X] = Var[u + 0 Z] = o°.

The shape of f(x) is symmetric around p with inflection points at © &+ 0. A statistical
table (in the past) or a computer programme (nowadays) can be used to calculate the
distribution function. The following values will be useful later on:

P(X —pl <o) = P(z|<1)= .68,
P(IX — | <20) = P(Z] <2) = 9544,
P(IX — | <30) = P(|Z] <3)=.9974.

In particular, the so-called two-sigma rule states that (roughly) 95% (in a repeated sample)
of the data from a normal distribution falls within two standard deviations of its mean.

The normal distribution is characterized by just its first two moments. We can com-
pute higher order moments by using the following relation (holding for any differentiable
function g(X)) for X ~ N(u,c?):

E[g(X)(X — p)] = o E[g'(X)].
Check this (hint: use integration by parts).

From the above relation we have that all moments of a normal distribution are com-
putable starting from the second central moment. Moreover, for a standard normal random
variable Z all moments of odd order are zero, in particular

E[Z?]

_ _ 2 _ _
skewness vo= W = E[Z Z] = E[QZ] = 0,
E[Z4
kurtosis k = E[[ZQ]]Q = E[Z%Z] = E[32%] = 3.
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The skewness coefficient measures the asymmetry and indeed is zero for the normal, and
the kurtosis coefficient measures flatness of the tails, usually we are interested in the co-
efficient of excess kurtosis (with respect to the normal case), i.e. Kk — 3.

Computing moments and mgf of the standard normal distribution: the mgf is com-
puted as

N
N

+
M(t) = \/——/ e atg, -
—0o0
+0o0
/ e THEE P2 =

o0

oo p? 2
= e 2 dz=e¢e2.
— 00

The Taylor expansion of M () is

5~

9]
o+,
™)
<
N

5

t4 +oo t2-7
M(t) = 1+0+2+0+ﬁ+ 20233'
2 3 ’
_ 1+u1t+u22 +u33 +u4 Zur -

hence the moments of Z (which in this case are equal to the central moments) are for
r=0,1,2,...

pori1 = E[Z71!] =0,
o = Bz = O

Gamma: is a family of distributions characterized by parameters o > 0 and #. We need
the gamma function defined by

I(t) = / yle7vdy, fort > 0.
0

Properties of the gamma function I'(¢t) = (t — 1)I'(¢ — 1) for ¢ > 1 and I'(n) = (n — 1)!
for positive integer n. Notation for the gamma distribution; Gamma(a, 0) or G(a, 6).

. f(m)—mﬁo‘ e for0 < x < oo.

* M(t) = fort < 6.

1
=on
cu=a/l, o?=a/b’
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« is the shape parameter determining if the distribution has a peak or it is monotonically
decreasing, while 6 is the scale parameter influencing the spread of the distribution hence
its peak location.

Chi-square: if Z; are independent standard normal, then X = Z;Zl A ]2 has a chi-square

distribution with r degrees of freedom. Notation x2 or x?(r). Equivalent to a gamma
distribution with o = r/2 and 6 = 1/2.

e flz) = Ww’"/Q_le‘w/Q for0 <z < oo.

* M(t) fort < 1/2.

_ 1
T o(1-2t)r/2

s pu=r o>=2r.
Exponential: waiting time between events distributed as Poisson with intensity 6. Nota-
tion Exp(#) (somewhat ambiguous). Equivalent to a gamma distribution with o = 1.

e f(x) =0e % for0 <z < oco.

. _ 6

M(t) = 57 fort < 0.

e u=1/0, o*=1/6°

It is a memoryless distribution, indeed if X ~ Exp(6), then for integers s > ¢,

P(X>sNX>t) P(X>s)
P(X >s|X >1) = P(X>t = P(X>1

—+o00 —x0
0 d
) f—im e = ¢ = PX > s )
' e *dx

Example: it is used in modeling survival rates (see below).

Log-normal: it is the distribution of a random variable X such that log X ~ N (u,0?). It
is used for random variables with positive support, and it is very similar to, although less
flexible, and more analytically tractable than the gamma distribution.

. f(l') — ;le_(Ing_N)Q/(QUQ) for) < = < oo.

o2 T

° E[X] = e#+a2/2’ Var[X] — 62(“+”2) B 62“+U2,

Notice that in this case M () is not defined (see ex. 2.36 Casella & Berger). Examples
are the distributions of income or consumption. This choice allows to model the logs of
income and consumption by means of the normal distribution which is the distribution
predicted by economic theory.
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7.3 Survival and hazard

Survival function: given a continuous non-negative random variable X, it is the function

F(x)=1-F(x) = P(X > x).

where z is interpreted as a threshold and we are interested in the probability of having
realizations of X beyond x. We usually assume that F'(0) = 1.

In the context of survival analysis the cdf and the pdf are called lifetime distribution func-
tion and event density, respectively.

Hazard function or hazard rate: it is the probability of having a realization of X in a
small interval beyond the threshold z, i.e. conditional on survival of X beyond z:

F(z+¢) — F(x) P(X <z+¢lX > )

Y e _
hz) 0+ eF(x) et € ’
it is then defined as P
iy - L8 _ P

Its relationship with cdf is:

h(z) = —C%log(l ~F(z)), F(z)=1—exp (— /0 ' h(u)du) .

Reading

Casella and Berger, Sections 3.1 - 3.2 - 3.3.

8 Multivariate distributions

8.1 Bivariate joint and marginal distributions

For simplicity we first give the definitions for the bivariate case and then we generalise to
the n-dimensional setting.

Joint cumulative distribution function: for two random variables X and Y the joint cdf
is a function Fxy : R x R — [0, 1] such that

F(z,y) = P(X <=z,Y <y).
Properties of joint cdf:
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1. FX,Y(_Ooay) - hm:{:—)—oo FX,Y(x>y) = O’
Fxy(z,—00) = lim,,_« Fxy(z,y) =0,
Fx y (400, 4+00) = limg oo ystoo Fx v (z,y) = 1;

2. Right continuous in z: lim,_,o+ Fxy(z + h,y) = Fxy(z,y),
Right continuous in y: lim, o+ Fxy(z,y +h) = Fxy(z,y).

3. For any y, the function F'(x, y) is non-decreasing in .
For any z, the function F'(z,y) is non-decreasing in y.

We are interested in the probability that X and Y take values in a given (Borel !) subset of
the plane R x R = R2. The simplest is a rectangular region A = {(z,y) € R? s.t. 7 <
r < zy and y; < x < yo}. Then

P(A) = Pl <X <zo,pn <Y <o) =
= Fxy(z2,y2) — Fxy(x1,y2) — [Fxy(z2,01) — Fxy(x1, 1))

Marginal cumulative distribution functions: if F'x y is the joint distribution function
of X and Y then the marginal cdfs are the usual cdfs of the single random variables and
are given by

Fx(x) ZJLIEIO Fxy(z,y) = Fxy(x,00),
Fy(y) :mlglgo Fxy(7,y) = Fxy(o0,y).

Marginal cdfs are generated from the joint cdf, but the reverse is not true. The joint cdf
contains information that is not captured in the marginals. In particular it tells us about
the dependence structure among the random variables, i.e. how they are associated.

8.2 Bivariate joint and marginal pmf and pdf

Joint probability mass function: for two discrete random variables X and Y it is a
function fxy : R x R — [0, 1] such that
fxy(@y)=PX =2Y=y) VryeR

In general

Plry <X <z <Y <p)= > > fxy(a,y)

z1<w<z2 Yy1<Yy<y2

Marginal probability mass functions: for two discrete random variables X and Y, with
range {1, xs,...} and {y1,ys, . . .} respectively, the marginal pmfs are

fx@) = Y fxy(@y)

ye{y1,y2,...}
) = ) fxvlay)
ze{z1,x2,...}
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Joint probability density function: for two jointly continuous random variables X and
Y, it is an integrable function fxy : R x R — [0, +00) such that

Y x
FX,Y(way) = / / fX,Y(uvv)dUdU Vx,y € R>

notice that this implies

82FX7Y (U, U)

fX,Y(‘ruy> - auav

u=x,v=y

Properties of joint pdf:

l. fxy(z,y) > 0forany z,y € R;

2. normalisation:
+oo +oo
/ Py (@, y)dudy = 1;

3. probability of a rectangular region:
Pl < X <mo,y1 <Y <o) = /y2 /fC? [xy(z,y)dedy;
vy Ja
4. for any (Borel) set B C R? the probability that (X, Y") takes values in B is
P(B) = //BfX’Y(x’ y)dzdy.

In the one-dimensional case events are usually intervals of R and their probability is pro-
portional to their length, in two-dimensions events are regions of the plane R? and their
probability is proportional to their area, in three-dimensions events are regions of the
space R? and their probability is proportional to their volume. Lengths, areas and vol-
umes are weighted by the frequencies of the outcomes which are part of the considered
events hence they are areas, volumes and 4-d volumes under the pdfs. Probability is the
measure of events with respect to the measure of the whole sample space which is 1 by
definition.

Marginal probability density functions: for two jointly continuous random variables X
and Y, they are integrable functions fy : R — [0, +00) and fy : R — [0, +00) such that

+o0

fX(I) - fX,Y(x7y>dy7 Vze R7
o

frly) = fxy(z,y)dz, VyeR.

Therefore, the marginal cdfs are

x —+00
FX(x) = / fX,Y(u> y)dyduv Va € Ra

— 00 —00

Y +oo
Fy(y) = / fxy(z,v)dzedv, VyeR.

—0o0 —00
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8.3 Cdf, pmf, and pdf of n» random variables

Multivariate generalization: for n random variables X1, ..., X,, we have analogous
definitions:

x, : R — [0, 1] such that

.....

Fxyox, (o1, mn) = P(XG <, Xy <o)

2. the marginal cdfs are, for any j = 1, ..., n, the functions
Fx(ﬂf])—Fxl ..... XH(OO,...,OO,'TJ‘,OO, 700)’
3. the marginal pmf or pdf are, for any j = 1,..., n, the functions
> e ..ZIJ__I sz+1 e xax (T ), discrete case,
fXj (ZL‘]) - o ~
o o fxaxn (@1, n)dey - daj_ydxyyy ... dx,, continuous case;

4. if g is a well-behaved function g : R" — R, then

Do 2w, 9T ) [y X (T ), discrete,
E[g(Xy,....X,)] =
fj;o . fj;o g(x1, .m0 fxyx, (X1, .y 2y)day ... dx,, continuous.

Reading

Casella and Berger, Section 4.1.

9 Independence of random variables

9.1 Pairwise independence

Besides the usual univariate measures of location (mean) and scale (variance), in the mul-
tivariate case we are interested in measuring the dependence among random variables.

Joint cdf of independent random variables: two random variables X and Y are inde-
pendent if and only if the events {X < x}, {Y < y} are independent for all choices of x
and y, i.e., forall z,y € R,

P(X<zY <y) = PX<z)PY <y),
FX,Y(«T,y) = Fx(2)Fy(y).
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Joint pmf or pdf of independent random variables: two random variables X and Y are
independent if and only if, for all z,y € R,

Ifxy = fx(x)fy(y).

The two above are necessary and sufficient conditions, while the following is just neces-
sary conditions but not sufficient (see also below the distinction between independence
and uncorrelation).

Expectation and independence: if X and Y are independent then
E[XY] = E[X]E[Y].

Moreover, if g; and g, are well-behaved functions then also ¢;(X) and go(Y") are inde-
pendent random variables, hence

E[g1(X)g2(Y)] = E[g:(X)]E[g2(Y)].

9.2 Independence of n random variables

Multivariate generalisation: in the n-dimensional case we have analogous definitions:

1. the random variables X;, X, ..., X,, are mutually independent if and only if the
events {X; <z}, {Xo <uxo},..., {X, <ux,} are independent for all choices of
T1,To, ..., T, € R:

n

Fx,...x, (21, ) = Fx, (21)Fx, (22) .. Fx, (z) = [ [ Fx, (2);

j=1

2. Xy, Xo, ..., X, are mutually independent if and only if z1, 3, ..., T,:
fX1 ----- Xn(x17 s vmn) = fX1(x1>fX2<x2) cee an(xn) = H fXj (IJ>

3. if Xy, Xy, ..., X, are mutually independent then
E[X1, X5, ..., Xu] = E[X,]E[X,] ... E[X,] = [ [ B[X),

andif g1, g, . . ., g, are well-behaved functions then also g1 (X1), g2(X2), - . ., ga(X})
are mutually independent random variables, hence

n

E[g1(X1)g2(X2) . .. 9n(X0)] = Elg1(X1)|E[g2(X2)] . . . E[gn(X0)] = [ [ Elg; (X;)].

Jj=1
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9.3 Measures of pairwise dependence

Covariance function: for two random variables X and Y we define
Cov(X,Y) = E[(X — E[X])(Y — E[Y])],
which is equivalent to

Cov(X,Y) =E[XY]| — E[X]E[Y].
Properties of covariance:

1. symmetry: Cov(X,Y) = Cov(Y, X);
2. bilinearity
Cov(X14+Xs,Y14Y2) = Cov(Xy, Y1)+Cov(Xy, Y2)+Cov(X2, ¥1)+Cov (X, Ya),

and for any a,b € R
Cov(aX,bY) = abCov(X,Y);

3. relationship with variance: Var[X] = Cov(X, X)
Var[X + Y| = Var[X
X

|+ Var[Y] 4 2Cov(X, Y),
Var[X — Y] = Var[X]

+ Var]Y] — 2Cov(X,Y);
4. if X and Y are independent, Cov(X,Y") = 0.

Correlation coefficient: for random variables X and Y/,

Corr(X,Y) = Cov(X, Y)
’ Var[X]Var[Y]

Correlation is the degree of linear association between two variables. It is a scaled covari-
ance, |Corr(X,Y’)| < 1. Moreover, |Corr(X,Y)| = 1 if and only if there exist numbers
a # 0 and b such that P(Y = aX + b) = 1 ( a linear relation between variables). If
Corr(X,Y) = 1thena > 0, if Corr(X,Y) = —1 then a < 0.

Uncorrelation and independence: Corr(X,Y) = 0, i.e. X and Y are uncorrelated, if
and only if
E[XY] =E[X]E[Y].

This result implies that
X,Y independent = X,Y uncorrelated.

but not the viceversa. Indeed correlation means only linear dependence.
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Example: we know that independence implies
E[g1(X)g2(Y)] = E[g1(X)|E[g2(Y)].

for any ¢,, go well-behaved functions. Consider the discrete random variables X and Y
such that the joint pmf is

1/4 if r=0 and y=1

1/4 if r=0 and y=-1
fxy(z,y) =4 1/4 if r=1 and y=0

1/4 if r=-1 and y=0

0  otherwise
Now, E[XY] = 0 and E[X] = E[Y] = 0, thus Cov(X,Y) = 0, the variables are un-
correlated. If we now choose g;(X) = X? and ¢o(Y) = Y? we have E[g;(X)g2(Y)] =
E[X2Y?] = 0, but

11 1
Elgi(X)[Elg2(Y)] = 55 = ; # 0.
So X and Y are not independent.
Example: suppose X is a standard normal random variable, i.e. with E[X*] = 0 for

k odd, and let Y = X2. Clearly X and Y are not independent: if you know X, you also
know Y. And if you know Y, you know the absolute value of X. The covariance of X
and Y is

Cov(X,Y) = E[XY] — E[X]E[Y] = E[X?] — 0- E[Y] = E[X?] = 0.

Thus Corr(X,Y’) = 0, and we have a situation where the variables are not independent,
yet they have no linear dependence. A linear correlation coefficient does not encapsulate
anything about the quadratic dependence of Y upon X.

10 Multivariate moments

10.1 Joint moments and mgfs for two random variables

Expectation of a function of two random variables: if g is a well-behaved function
g: R xR — Rand X and Y are random variables with joint pmf or pdf function fx
then

>y 22 9@ Y) fxy(z,y), discrete case,
Elg(X,Y)] =
ffooo fj;o g(z,y) fxy(x,y)dedy, continuous case.

Joint moments: if X and Y are random variables with joint pmf or pdf fx then the
(r,s)™" joint moment is

>y 2 Y fxy (T, y), discrete case,
Hr.s = E[XTYS] =

fj;o fj;o z"y* fxy(z,y)dzdy, continuous case.
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Joint central moments: the (r, s)*® joint central moment is
mes = Bl(X —E[X])(Y ~ E[Y))"] =
>y 2@ = px)"(y — )’ fx v (2,9), discrete case,

[0 12 (@ = px)"(y — py)*] fxy (2, y)dady, continuous case.
Properties of joint moments:

1. mean for X: u; 0 = E[X];

h

. ™" moment for X: pu,o = E[X"];

. variance for X: my = E[(X — E[X])?];

2

3

4. 7't central moment for X: m, o = E[(X — E[X])"];

5. covariance: my; = E[(X — E[X])(Y — E[Y])] = Cov(X,Y);
6

. correlation: my 1/, /maomo2 = Corr(X,Y).

Joint moment generating function: given two random variables X and Y is a function
Mxy : R xR — [0, +00) such that

Doy 2 e v (2, y), discrete case,
MX,Y@, u) — E[etXJqu] —
fj;o [Z et fx v (x,y)dady, continuous case.

Properties of joint mgfs:

1. Taylor expansion:
+oo +oo

+o0 o) - .

(tX) (uY')’ P 7
vt = |3 OS] 5 S e
i=0 =0 ) i=0 j=0 e

2. the (r, s)™ joint moment is the coefficient of ¢"u*/(r!s!) in the Taylor expansion;

3. derivatives at zero:
dr-i—s

rs = E[X"Y*] = M{7(0,0) =
Ko, [ ] X,Y( ’ ) dtrdus

Mxyy (t, U)

)
t=0,u=0

4. moment generating function for marginals: Mx (t) = E[e'*] = Mx y(t,0),
My(u) = E[e“y] = Mxyy(o, u);

5. if X and Y independent:
Mx y(t,u) = Mx(t) My (u).
Joint cumulants: let Kx y (¢, u) = log Mx y (¢, u) be the joint cumulant generating func-

tion, then we define the (r, s)™ joint cumulant ¢, 4 as the coefficient of (t"u*)/(r!s!) in the
Taylor expansion of K x y. Thus,

C11

Cov(X,Y)=r¢11 and Corr(X,Y) = ———.
v/ €2,0€0,2
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10.2 Joint moments and mgfs of n random variables

Multivariate generalisation: for random variables X, ..., X, with joint pmf or pdf

1. joint moments:

P =E[XT XY

Do D, T fxy L x, (T ), discrete case,
ff;o .. fj;o o oat fxyox, (1, .. 2,)day . dy,  continuous case;

2. joint central moments:

Myy...rm = E[(X1 —E[Xq])" ... (X, — E[X,,])™].

MX1 ..... Xn (tl, e ,tn) — E[€t1X1+---+tn,X7l]’

and the coefficient of t1* ... ¢/"/(r4!...7,!) in the Taylor expansion of My, . x, is
E[X{... X",

4. independence: if X1, ..., X,, are independent then

Kx, x,(t1,....t,) =log(Mx,  x,(t1,...,tn)),

and the (71, . .., 7,)" joint cumulant is defined as the coefficient of (7" ... t") /(11! ... 7,!)
in the Taylor expansion of Kx, . x,.

10.3 Inequalities

Holder’s inequality: let p and ¢ be two integers such that i + % = 1, if X belongs to LP
and Y belongs to L9, then XY belong to L! and

E[|XY|] < E[X[]/PE[Y|7"".

Cauchy-Schwarz’s inequality: this is Holder’s inequality when p = ¢ = 2; if X and Y
belong to L?, then XY belongs to L' and

E[[XY]] < VE[XZE[Y?].
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As a consequence, if X and Y have variances o% and o3, then
|Cov(X,Y)| < oxoy,
which means |Corr(X,Y)| < 1.
Minkowski’s inequality: let p > 1, if X and Y belong to L”, then X + Y belongs to L?

and
E[LX + Y] < BIIXPY + B[y ).

Reading

Casella and Berger, Sections 4.2 - 4.5 - 4.7.

11 Conditional distributions

When we observe more than one random variable their values may be related. By consid-
ering conditional probabilities we can improve our knowledge of a given random variable
by exploiting the information we have about the other.

Conditional cumulative distribution function: given X and Y random variables with

P(X = x) > 0, the distribution of Y conditional (given) to X = x is defined as
Fyix(yle) = P(Y <y X = ).

It is a possibly different distribution for every value of X, we have a family of distribu-

tions.

Conditional probability mass function: given X and Y discrete random variables with

P(X = xz) > 0, the conditional pmf of Y given X = z is

fxy(z,y)

fY|X(y|x) =PY =yl X=1)= Fxe(z)

such that the conditional cdf is

Fyix(yle) = frix(uile).

Yi <y

Conditional probability density function: given X and Y jointly continuous random
variables with fx (z) > 0, the conditional pdf of Y given X = x is

fyix(ylz) = }}(—(x)’
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such that the conditional cdf is

Fyix(ylz) = /_y %{;’;})dv-

Conditional, joint and marginal densities: given fx(z) > 0 we have:

1. conditional pmf or pdf:

Ixy(@y) :
Fer(ey) SETICIE discrete case,
Frix(yle) = ———=—= =
Ix (QJ) Ix,v(zy)

m , contimuous case;

2. joint pmf or pdf:
fxy (@ y) = fyix(yle) fx (2);

3. marginal pmf or pdf:

> e fyix(yle) fx (), discrete case,
fr(y) =

I fyix(ylz) fx(z)dz, continuous case;

4. reverse conditioning (if also fy (y) > 0):

 fxy(ry)  fx(x) .
fxy(zly) = ) fy(y)fnx(?/\ ).

These are all direct implications of Bayes’ theorem.

12 Conditional moments and mgfs

Conditional expectation: given X and Y random variables the expectation of Y given

X ==xis
>y ufvix(ylz), discrete case,
fjozo yfyix(y|z)dy, continuous case.

If we consider all possible values taken by X then we have a new random variable which
is the conditional expectation of Y given X and it is written as E[Y|X]. It is the best

guess of Y given the knowledge of X. All properties of expectations still hold.

Law of iterated expectations: since E[Y'| X] is a random variable we can take its expec-

tation:
E[E[Y|X]| = E[Y].
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Indeed, in the continuous case

E[E[V]X]] = / TEYIX = o) (@)de =
= /+OO/+OO fXY f (x)dzdy = E[Y].

A useful consequence is that we can compute E[Y] without having to refer to the marginal
pmf or pdf of YV:

> LEY|X = z]fx(2), discrete case,
BlY] =
[TE[Y|X = 2]fx(z)dz, continuous case.

Conditional expectations of function of random variables: if g is a well-behaved, real-
valued function, the expectation of g(Y") given X = x is defined as:

>, 9W) fyix (ylz), discrete case,
Elg(Y)|X = 2] =
f+oo 9(y) fyix(y|x)dy, continuous case.

—0o0

The conditional expectation of g(Y") given X is written as E[¢g(Y")| X] and it is also a ran-
dom variable.

As a consequence any function of X can be treated as constant with respect to expec-
tations conditional on X. In general for well-behaved functions ¢g; and g

E[g1(X)g2(Y)|X] = g1(X)E[g2(Y)[ X].
Notice that also E[Y'|X] is a function of X so
E[E[Y|X]Y|X] = EIV|X]E[Y|X] = (E[Y|X])%

Conditional variance: for random variables X and Y/, it is defined as
VarlY|X =z] = E[(Y —E}Y|X = x])2|X =z =
>,y — EY|X = 2]]? fyix (y]@), discrete case,
[ [y — E[Y|X = 2] fy|x (y|z)dy, continuous case.

The conditional variance of Y given X is written as Var[Y'| X| and it is a random variable
function of X . Moreover,

Var[Y|X] = E[Y?|X] — (E[Y|X])%,

By using the law of iterated expectations,

Var[Y] = E[Y?] - (E[Y])* =
= E[E[Y?|X]] - {EE[Y|X]]}* =
= E[Var[Y|X] + (E[Y|X])"] - {E[E[Y|X]]}"
= E[Var[Y|X]] + [{E[YIX]}] {E[E[Y]X]]}*
= E[Var[Y|X]] + Var[E[Y'|X]],
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This result tells us that
Var[Y'| > E[Var[Y | X]],

the expected value of the conditional variance is in general smaller than the uncondi-
tional variance. If X contains useful information for Y then conditioning on X makes
uncertainty about the value of Y smaller. The case in which equality holds is when
Var[E[Y|X]] = 0, i.e. when E[Y|X] is no more random, which is when X contains
no information on Y, i.e. they are independent.

Conditional distributions and independence: if X and Y are independent random vari-
ables then for cdfs we have

Fyix(ylz) = Fy(y) Va,y€eR,
Fxiy(zly) = Fx(z) Va,yeR

and for pmfs or pdfs we have

fxy(@,y)  fx(2)fy(y)

fY|X(y|‘r> = fX(x) - fX(x) = fY(y> vxvy S R?
 fxy(y)  fx(@)fy(y) . .
fxy(zly) = O = fx(z) Vz,y€R.
Finally,
E[Y|X] = E[Y].

Conditional moment generating function: given X = z, it is the function defined as

>, e fyix (ylo), discrete case,
My x(u|z) = E[e"Y|X = 2] =

fj;o e" fy|x(y|z)dy, continuous case.

This is a conditional expectation so it is a random variable. We can calculate the joint mgf
and marginal mgfs from the conditional mgf,

MX7y(t7 U) = E[@tX+uy] = E[GtXMyLX (U|X)]7
My(U) == Mx’y(o,u) == E[My‘x(U’X)]

Example: suppose that X is the number of hurricanes that form in the Atlantic basin
in a given year and Y is the number making landfall. We assume we know that each
hurricane has a probability p of making landfall independent of other hurricanes. If we
know the number of hurricanes that form say = we can view Y as the number of success
in x independent Bernoulli trials, i.e. Y|X = z ~ Bin(z,p). If we also know that
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X ~ Pois()), then we can compute the distribution of Y (notice that X > Y')

frly) = ZfY|X(y|$)fX($):

—+o0 _
z! Ae~A
= p'(1—p)*" =
;y yl(z —y)! ( ) x!
o Avpre +Z°° A1 —-p)]*Y
oy = -y

thus Y ~ PoisAp. So E[Y] = Ap and Var[Y'| = Ap, but we could find these results without
the need of the marginal pdf. Since Y| X = z ~ Bin(z, p), then

EY|X =z] = Xp Var[Y|X = z] = Xp(1 —p)

Since X ~ Pois(\), by using the law of iterated expectations, we have
E[Y] = E[E[Y|X = o] = E[X]p = Ap
and
Var[Y] = E[Var[Y|X = z]]+Var[E[Y|X = z]] = E[X|p(1—p)+Var[Xp] = Ap(1—p)+Ap* = Ap.
Alternatively we can use the mgfs, we have
My(t) = exp{Ae — 1)} Myp(ulX) = (1 p+ pet),

therefore

My (u) = E[Myx(ulX)] =E[(1 —p+pe")*] =
= Elexp{Xlog(l —p+pe")}| =
= Mx(log(l —p+pe")) =
= exp{A1—p+pe" —1)} =
= exp{\p(e" — 1)},

which is the mgf of a Poisson distribution.
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13 An example of bivariate distribution

Consider the function

T +

fxy(y) = { 0

* It is a valid density, indeed it is

/+OO
—00

—+00

—0o0

* The joint cdf is

FX,Y(‘ra y)

8

—

3

3

N —

More precisely we have

8

FX,Y(‘ray> =

O =N N =
<

* The marginal pdf of X is

fx(z)

* We can compute probabilities

fX,Y(xu y)dﬁdy

S~ —

8
<
—

8

_l’_
N

y f0<z<land0 <y <1,
otherwise.

a positive real valued function and it is normalized

11
= //(w+y)dxdy:
o Jo
1,2 }1 1ry
= - txy dyz/ [—+y]dy:
Jolz w1
y ]
- |4 ) —q,
Ea)

<
8

fxy(u,v)dudv =

3

<
8

(u+v)dudv =

1

<

xv?

2

v

2

0

o 8,

v o= |

|

forO0<z<1,0<y<1.

|

zy(r +y)

f0<r<land0O <y <1,
if0<z<landy > 1,
ifr>land0 <y <1,
ifr>1landy > 1,
otherwise.

<8
+ +
z =

—+00
fX,Y(xa y>dy =

— 00

1
1
/(w+y)dy=:r+—.
0 2

as P(2X < Y), we first define the event B
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{(z,y)st. 0 <z < %,0<y<1}then

PEX<¥)=P(B) = [ [ for(ededy =
B
1 py/2 1r,2 2
= // (x—l—y)dxdy:/ [%—i—%}dy:
o Jo 0
N A 3
207 6, 24
Analogously we could define C' = {(z,y) s.t. 0 < = < 3,2z < y < 1} and

compute P(C').

e the (r, s)™ joint moment is

+oo +oo
EX"Y?] = / / 2"y’ fxy (v, y)dedy

1 1 1
1 1
= 2"y (x + vy)dxd :/ S+ S“}d =
/0/0 y*(x + y)dady i [Mrzy 1Y y

1 1 wo]l 1 1
[(r+2>(s+1) r+1(s+2)” ] -

+ .
o (+2)(s+1)  (r+1)(s+2)
Thus, E[XY] = §, E[X] = E[Y] = -5, E[X?] =  so Var[X] = L and finally

1 49 1
Cov(X,Y) = E[XY] ~E[XJE[Y] = £ — — = —— 1.

and Corr(X,Y) = —+, so X and Y are not independent.

We find this result also by noticing that given the marginals and the joint pdfs we
have

s+1
Yy

r+y 1

fx(@)fy(y) =2y + 5 +Z,

therefore fx(z)fy(y) # fxy(z,y) so X and Y are not independent.

* The conditional pdf of Y given X = x is

fx(2,y) {f@ if0<y<1

)= —F—7~ —
frix (y|z) 0  otherwise.

fx(r)

* The conditional expectation of Y given X = z is

EY|X =a] = /fwwyxwumyz

o0

1 90-|—y
N /ny—l—%dy_
1 Tw )
mgﬁ7+§}
3z + 2
6 + 3

0
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* we can use the law of iterated expectations

1
E[E[Y|X = 2] — /3“2<x+1)dx:
g 6z +3 2

1 [
= —/ 3x + 2dx
6 Jo

1/3

= (242
i(3+2)
v

= - =E[Y]

Reading

Casella and Berger, Sections 4.2 - 4.4 - 4.5.

14 Sums of random variables

We start with the bivariate case and then we generalise it to n variables.

Moments of a sum: if X and Y are random variables then:
E[X + Y] = E[X]| + E[Y], Var[X + Y] = Var[X] + Var[Y] 4+ 2Cov(X,Y),

and, by using the linearity of expectations and the binomial expansion, we have for r € N

E[(X +Y)] = ; (;)E[XjY’“‘j].

Probability mass/density function of a sum: if X and Y are random variables with joint
density fxy(z,y) and we define Z = X + Y then the pmf/pdf of Z is

Yoo fxy(u, 2z —u), discrete case,
fz(z) =

I fxy(u,z — w)du, continuous case.

In the continuous case just change variables X = U and Y = Z — U. In the discrete case

notice that
{X+Y:z}:U{X:uﬂY:z—u}

and, since this is a sum of disjoint events, for any u, we have

PX+Y=2)=) P(X=unY =z—u).
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Probability mass/density function of a sum of independent random variables: if X
and Y are independent random variables and we define Z = X + Y then the pmf/pdf of
Z s
You fx (@) fy(z —u), discrete case,
fz(z) =
[ fx(u) fy (2 — u)du, continuous case.
This operation is known as convolution

“+00

fz=Ixx*[fv < fx(u) fy(z — u)du.

Convolution is commutative so fx * fy = fy * fx.

Moment generating function of the sum of independent random variables: if X and
Y are independent random variables and we define Z = X + Y then the mgf of Z is

My(t) = Mx(t) My (t),
and the cumulant generating function is

Kz(t) = Kx(t) + Ky(t).

Example: suppose the X and Y are independent r.v. exponentially distributed, X ~
Exp(A) and Y ~ Exp(0), with A # 6, then the pdf of Z = X + Y is

“+o00

fz(z) = fx () fy(z —u)du =

= /)\e’\UGeO(Z“)du:
0

-1 #
— )\96—9,2 |: 6—(/\—9)u:| _
A—0 .

A,
ppris
Note the domain of integration [0, z]. Indeed, since both X and Y are positive r.v., also U
and Z — U have to be positive, thus we need 0 < U < Z.

In theory, we could also use mgfs, but in this case we get a function of ¢ that does not
have an expression that resembles one of a known distribution.

— ) 0 <z < +o0.

Example: suppose the X and Y are independent r.v. normally distributed, X ~ N(ux,0%)
and Y ~ N(uy, 0% ), then then to compute the pdf of Z = X + Y we use the cumulant
generating functions

0.2t2 0.2t2
Kx(t) = pxt+ ); , Ky (t) = pyt + 2 )

and
Kz(t) = (px + py)t +



by uniqueness of cumulant generating functions Z ~ N (ux + piy, 0% + 0%).

Multivariate generalization: for n independent random variables Xi,..., X, let S =
> 71 X then

1. the pmf/pdf of S'is
fS:fX1 **an,

2. the mgf of Sis
Mg(t) = Mx,(t) ... Mx,(t).

3. if X3, ..., X, are also identically distributed they have a common mgf M (t) thus

fs=Fxfx. . xf, Ms(t)=[Mx(@)]", Ks(t)=nKx(t).

n—times
To indicate independent and identically distributed random variables we use the notation
iid.
Example: given 7 i.i.d. Bernoulli r.v. X, ... X, with probability p and mgf

Mx(t) =1—p+pe',
the sum S = > 7 | X; has mgf
Ms(t) = (1 = p+ pe')",

thus, by uniqueness of mgf, S ~ Bin(n, p).

Example: given X, ..., X, independent r.v. normally distributed X; ~ N(;,07) then,

for fixed constants a, ..., a, and by, ..., b,, we have
§= (a;X;+b;) ~N <Z<%ﬂj +b)), Za?f’?) :
=1 =1 =1

If X; ~ iidN(p, 0?), then

n

S = ZXj ~ N(np,no?).

J=1

Other examples of sums of independent random variables

1. Poisson:
X ~ Pois(A1), Y ~ Pois(A\y) = Z ~ Pois(A; + \2)

X; ~iidPois(\) = S ~ Pois(n\) j=1,...n;
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2. Gamma:
X ~ Gamma(ry,0), Y ~ Gamma(ry, 0) = Z ~ Gamma(ry + 72, 6)
X; ~ tidExp(\) = S ~ Gamma(n,\) j=1,...n;
3. Binomial:
X ~ Bin(ny,p), Y ~ Bin(ng,p) = Z ~ Bin(n; + na, p)

X; ~ #idBin(k,p) = S ~ Bin(nk,p) j=1,...n.

14.1 Limit theorems for Bernoulli sums
Assume to observe n independent Bernoulli trials X; with an unknown probability of suc-
cess p. We study the behaviour of the process S, = > ., X; which counts the number

of successes in n trials. If X; ~ éidBernoulli(p), then S,, ~ Bin(n, p). For any i we have
that E[X;] = p and Var[X;] = p(1 — p) so that E[S,,] = np and Var[S,] = np(1 — p).

Law of Large Numbers: there are two forms of this law:

1. Weak Law of Large Numbers: as n — 400, S, /n e p, 1.e.

2
n—-+oo n

which implies S, /n it p, 1.e.

lim P(‘&—p
n

n—oo

<e>:1, Ve > 0;

2. Strong Law of Large Numbers: as n — +00, S, /n =3 p, i.e.
P<lim &—p‘20>:1.
n—oo | N

The law establishes the convergence of the empirical average (or sample mean) S, /n to
the expected value of X, i.e. to p (or population mean). It is uesful if we observe many
Bernoulli trials and we want to determine p: it is a first example of inference.

Proof of the weak law: for each n we have

E [(& _p) 2] _E (S, — np)?] _ Var[S,] _ p(1—p)

5 5 = — 0, asn — +oo.
n n n n
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Example: when tossing a coin X is 1 if we get head or O if we get tail (a Bernoulli trial),
S, is the number of heads we get in n independent tosses. The frequency of heads will
converge to 1/2 which is the value of p in this particular case.

The following result is a special case of the Central Limit Theorem which we shall
see in due course.

De Moivre-Laplace Limit Theorem: as n — o0, and for Z ~ N(0, 1),

a —22/2

hmP(ﬁMga)—P(Zga)— ‘

——-dz, VaeR,

which implies
Sp/n —
Rt BN
p(1=p)

We are saying that the sample mean (which is a random variable) of the Bernoulli trials
converges in distribution or is asymptotically distributed as a normal random variable with
mean p (this we know already from the law of large numbers) and variance p(1 — p)/n,
thus the more trials we observe the smaller the uncertainty about the expected value of the
sample mean, the rate of convergence being /n. This result contains useful informations
not only on the point-wise estimate of the population mean but also on the uncertainty
and the speed with which we have convergence.

Finally, remember that .S,, ~ Bin(np, np(1 — p)), then, by rearranging the terms, we have

S, —
_Pn TP o
np(1 —p)

i.e. the Binomial distribution can be approximated by a normal distribution with mean np
and variance np(1 — p).

Reading

Casella and Berger, Sections 5.2

15 Mixtures and random sums

Hierarchies and mixtures: suppose we are interested in a random variable Y which has
a distribution that depends on another random variables, say X. This is called a hierar-
chical model and Y has a mixture distribution. In the first instance we do not know the
marginal distribution of Y directly, but we know the conditional distribution of Y given
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X = x and the marginal distribution of X (see the example on hurricanes of Section 26).

The key results which are necessary for characterising Y, are

E[Y] = E[E[Y[X]]
Var = E[Var[Y|X]] 4 Var[E[Y|X]]
fr(y) = Elfyix(ylX)] and My(t) = E[Myx(¢|X)]

Example: Poisson mixing. If Y'|A = A ~ Pois(\), for some positive r.v. A, then
E[Y|A] = Var[Y|A] = A.

Therefore,
E[Y]| = E[A], Var[Y'| = E[A] + Var[A].

Random sums: We consider the case in which X, X, ... is a sequence of independent
identically distributed random variables and Y = Zjvzl X, where N is also a random
variable which is independent of each X;. Y is called random sum and can be viewed
as a mixture such that Y'|N = n is a sum of random variables, so all results of previous
section still hold.

Conditional results for random sums: suppose that { X} is a sequence of i.i.d. random
variables with mean E[X] and variance Var[X], for any j, and suppose that NV is a random
variable taking only positive integer values and define Y = Zjvzl X, then

E[Y|N] = NE[X],
Var[Y|N] = NVar[X],
Myn(tIN) = [Mx®)]Y and Kyn(t|N) = NKx(t).

Marginal results for random sums: suppose that { X} is a sequence of i.i.d. random
variables with mean E[X] and variance Var[X], for any j, and suppose that NV is a random
variable taking only positive integer values and define Y = Zévzl X, then

E[Y] = E[NJE[X],
Var[Y] = E[N]Var[X]+ Var[N]{E[X]}?,
My(t) = MN(IOng(t)) and Ky(t) = KN(KX(t))
Example: each year the value of claims made by an owner of a health insurance policy is
distributed exponentially with mean « independent of previous years. At the end of each
year with probability p the individual will cancel her policy. We want the distribution of

the total cost of the health insurance policy for the insurer. The value of claims in year j
is X; and the number of years in which the policy is held is V, thus

1
X; ~ tidExp (—) : N ~ Geometric(p).
«
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The total cost for the insurer is ¥ = Zjvzl X;. Therefore, E[Y]| = a-.

5 To get the
distribution we use the cumulant generating function

1 1
Kx(t) = —log(1 — at), Kn(t) = —log (1—1—?+§et) ,

and
Ky(t) = Kn(Kx(t)) = — log (1 - ]10 + }9(1 - at)) = —log (1 - %t) ,

by uniqueness we have that Y ~ Exp ().

The Poisson approximation: assume to have X; ~ iidBernoulli(p), and N ~ Pois(\).
Consider Y = > | X, then Y|N = n ~ Bin(n, p) and

E[Y] — AE[X],
Var[Y] = ME[X?,

My(t) = My(log Mx(t)) = *Mx®-1),
Ks(t) = A(Mx(t) —1).

By using the mgf of a Bernoulli M (t) = 1 — p + pe’ we get

My (t) = SMxO=1) — Ap(e"=1),

by uniqueness of mgf, Y ~ Pois(Ap) (see the example on hurricanes of Section 26).

Reading

Casella and Berger, Section 4.4

16 Random vectors

This is just a way to simplify notation when we consider n random variables. Expecta-
tions are element wise and we have to remember that the variance of a vector is a matrix.

Random vector: an n-dimensional vector of random variables, i.e. a function
X=(X,.. ., X)) : Q= R"

The cdf, pmf or pdf, and mgf of a random vector are the joint cdf, pmf or pdf, and mgf of
Xy, ..., Xy s0, forany x = (21,...,2,),t = (t1,...,t,) € R",

FX(X) = FX1 ..... Xn<x17'--7xn),
xx) = fxiox. (1, x),

Mx(t) = Mx,  x,(ti,...,tn).



Expectation of a random vector: the expectation of a random vector is a vector of the
expectations, i.e. it is taken element by element

E[X]

For jointly continuous random variables we have
EX] = / X fx(x)dx =
Rn

“+oo —+00
:/ / T Tnfxy o x, (X1, wp)dey L day,.
— —00

e}

Variance-covariance matrix: given n random variables X1, ..., X,, we know what is
the variance of each of them and we know the covariance of each couple. All these
informations can be summarized in just one object, defined as

> = Var[X] = E[(X — E[X])(X — E[X])"],

Where X is n x 1 (a column vector), then X7 is 1 x n (a row vector), and X isan x n
matrix. Taking element by element expectation of this matrix we get

Var[Xl] COV(Xl, XQ) R COV(Xl, Xn)
COV(XQ, Xl) Var[Xg] Ce COV(XQ, Xn)
Cov(Xp, X1) . . Var[ X,

The matrix is symmetric and if the variables are uncorrelated then it is a diagonal matrix.
If the variables are also identically distributed then 3 = ¢2I,, where o2 is the variance
of each random variable and I,, is the n-dimensional identity matrix. Finally, as the uni-
varaite variance is always positive, in this case we have that 3 is a non-negative definite
matrix, i.e.

b'Eb>0 VbeR"™

Example: if N = 2 and assume E[X| = E[Y] = 0 then

sor[( ) oon] <r] S W) - (B B - (Yl coeen )

Conditioning for random vectors: if X and Y are random vectors, and if fx(x) > 0,

we can define the conditional pdf/pmf as

fxy(xy) .

fY|X(y|X) = fX(X)

or

fxx(x,y) = frix(y]x)fx(x).
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Decomposition of probability mass/density function: given an n-dimensional random
vector X and given x € R", then

fX(X) = an|Xn,1...X1 ($n|xn71 .. 'xl)an,ﬂXn,Q‘..Xl (xnfl‘xn72 .- -371) ce fX2|X1 (372\331)]”)(1(371) =

n
= [ Fox o (zilxim0),
j=1
where the random vector X;_; is the random vector X without its j-th element.

Example: consider 3 r.v. X, X, and X3, we can group them in different ways and we
get for example

le,XQ,X3<'r17x27x3) = fX3|X1,X2(I3’$1>962)fX1,X2(1317$2);
and applying again the definition above to the joint pdf/pmf of X; and X, we have

Ix1,50,%5 (01, T2, 03) = fxa)x,, %2 (T3]21, ¥2) fxo 1 x, (T2|71) fx, (21).

17 Multivariate normal distribution

We start with the bivariate case. We want a bivariate version of the normal distribution.
Given two standard normal random variables, we can build a bivariate normal that de-
pends only on their correlation.

Standard bivariate normal: given U and V' i.i.d. standard normal random variables, and
for some number |p| < 1, define X = U and Y = pU + /1 — p?V, then we can prove
that

I. X ~N(0,1)and Y ~ N(0,1);
2. Corr(X,Y) = p;

3. the joint pdf is that of a standard bivariate normal random variable and depends
only on the parameter p:

2/ 1 —p

fx(ey) = %p [—(2? — 2pay + 42)/(2(1 = )]

The random vector X = (X, Y)7T is normally distributed and we write

(v ) (G) (1)

or X ~ N(0,Xxy) where Xy y is the 2 x 2 variance covariance matrix;
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4. the joint mgf is
1
Mxy(s,t) =exp 5(82 + 2pst +t2) | .

Bivariate normal for independent random variables: if the random variables U and V'
are independent and standard normal, the joint pdf and mgf are

1
fUV(Uav) _ _e—(u2+1}2)/27
’ 2

Myy(s,t) = e+

The random vector (U, V') is normally distributed with variance covariance matrix

10
s (10,

Computing the joint pdf: given X = U and Y = pU + /1 — p?V, we have to compute
Ixv(z,y) given fyv(u,v). Given the function h : R? — R? such that h(X,Y") = (U, V)
and the domain of h is C' C R? and it is in one-to-one correspondence with the support
of (U, V'), we have the rule

fx(.y) :{ o Rl ll fortn v e ©

where o ( o,
oz’ x,y) oz 2(x>y)
Jn(x,y) = det , ,
sh(@,y) g he(z,y)

In this case, C' = R2,

— O
u:hl(x>y):x7 U:hg(l',y):yl—_pr,
and |Ju(z,y)| = \/%7, thus

y—px 1
Prte) = Jov (gﬁ V1= 02) Vi-p?

Generic bivariate normal: if X* = uy + oxX and Y* = puy + oyY then X* ~
N(ux,0%) and Y* ~ N(py, 0% ) with Corr(X*,Y*) = p and the joint pdf is

1 T—px Y — Hy
Ixy : :
Ox0y ox oy

A generic jointly normal random vector is distributed as

(7 ) =) (ealin ™))
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Conditional distribution: of Y* given X™ is
| ok 9y
VIX*=2 ~ N (uy o (@ px), oy (1 - p2)> :

It is obtained by using the joint and the marginal pdfs.

Multivariate case

1. Multivariate normal density: let X,..., X,, be random variables and define the
n x 1 random vector X = (Xy,..., X,)T. If X,...,X,, are jointly normal then
X ~ N(m,3), where the mean p = E[X] is an n X 1 vector and the covariance
matrix ¥ = Var[X] is an n x n matrix whose (i, j)™ entry is Cov(X;, X;). The
joint density functions is

P (@1, ) = f(x) = (27) 2| det B[/ 20 = w2

2. Conditional expectation for multivariate normal: suppose that X = (Xi,..., X))
and Y = (V1,...,Y,,)", for some integers n and m, and X ~ N(ux,Xx) and
Y ~ N([j,y, Ey) . If, COV(X,Y) = ZXY = EIYX, then

E[Y|X] =py + ZyxEH(X — px),
Var[Y]X] IEY — nyz)}lzxy.

Joint normality and independence:

* normally distributed and independent random variables are jointly normally dis-
tributed, however, a pair of jointly normally distributed variables need not be inde-
pendent;

* while it is true that the marginals of a multivariate normal are normal too, it is not
true in general that given two normal random variables their joint distribution is
normal;

* in general, random variables may be uncorrelated but highly dependent, but if a
random vector has a multivariate normal distribution then any two or more of its
components that are uncorrelated are independent, this implies that any two or more
of its components that are pairwise independent are independent;

* it is not true however that two random variables that are marginally normally dis-
tributed and uncorrelated are independent: it is possible for two random variables
to be distributed jointly in such a way that each one alone is marginally normally
distributed, and they are uncorrelated, but they are not independent.

Example: consider X a standard normal random variable and define

y_{ X iflX|>ec
T =X if|X|<c
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where ¢ is a positive number to be specified. If ¢ is very small, thenCorr(X,Y) ~ 1,
if c is very large, then Corr(X,Y) ~ —1. Since the correlation is a continuous func-
tion of ¢, there is some particular value of ¢ that makes the correlation 0. That value is
approximately 1.54. In that case, X and Y are uncorrelated, but they are clearly not inde-
pendent, since X completely determines Y. Moreover, Y is normally distributed. Indeed,
its distribution is the same as that of X. We use cdfs:

PY<z) = P((|X|<en=-X<a)U(|X|>cnX <2a)) =
= P((|IX|<enNX>—-2)+P(|X]|>cnX <x)) =
= P((|X|<enX <2)+P((|X]>cnNX <2))

where the last row depends on the fact that for a symmetric distribution P(X < z) =
P(X > —x). Thus, since the events {|X| < ¢} and {|X| > ¢} are a partition of the
sample space which is R, then

P(Y <) = P(X < 1),

hence Y is a standard normal random variable too. Finally, notice that the sum X + Y
for ¢ = 1.54 has a substantial probability (about 0.88) of it being equal to 0, whereas
the normal distribution, being a continuous distribution, has no discrete part, i.e., does
not concentrate more than zero probability at any single point. Consequently X and Y
are not jointly normally distributed, even though they are marginally normally distributed.

Reading

Casella and Berger, Definition 4.5.10

18 Bernoulli motivation for the Law of Large Numbers

This section starts off somewhat more abstract but concludes with the most important and
widely-used theorem in probability, the Central Limit Theorem. Along the way we also
state and prove two laws of large numbers.

To get started, as an example, consider a sequence of independent Bernoulli random
variables X; ~ X withp = 1/2 and let Y, = = > | (2X; — 1). Note that we have nor-
malised the X; so that E[Y,,] = 0 and Var(Y,,) = 1. In particular, the mean and variance
of Y,, does not depend on n. A gambler could think of Y, as their (rescaled) earnings in
case they win £1 each time a fair coin ends up head and lose £1 each time the coin leads to
tail. Astonishingly, even though Y, is constructed from a humble Bernoulli distribution,
as n gets large, the distribution of Y;, approaches that of the normal distribution. Indeed,
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using moment generating functions (and M, x ,(t) = e** My (at) for a,b € R), we get

My, (1) = (eViMx(t/vi)"

— € ,

which we recognise as the moment generating function of a standard normal distribution.
Since moment generating functions (usually, more on this below) uniquely determine the
distribution, it follows that Y,, “converges” to a normally distributed random variable. We
shall see below that there is nothing special here about the Bernoulli distribution as hardly
any distribution (though there are some) can resist the attraction of the normal distribution.
But before we get to that, we first have a closer look at the various kinds of convergence
of random variables and how these notions are related.

19 Modes of convergence

In what follows we consider a sequence of random variables X7, Xo, ... and we consider
four (and there are more!) types of convergence.

The first notion is that of almost sure convergence. Perhaps you find the terminology sur-
prising since in mathematical statements we are used to certainty and almost sure sounds
rather vague (in fact, there is even a notion of vague convergence), but almost sure in the
setting here means that convergence happens on a set with probability 1.

Almost sure convergence: the sequence {X,,} converges to X almost surely if

P (w €Q: lim X,(w)= X(w)) ~ 1,

n—-+o0o

and we use the notation X,, 3 X.

It means that X, (w) converges to X (w) for all w € 2 except perhaps for some w € N
where P(N) = 0.

Note that in the Casella Berger book this is stated in the equivalent form

P<lim |Xn—X|<e>:1, Ve > 0.

n—o0
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Note that whenever we write P(A) we should check that A is in our sigma-algebra. In-
deed, with A := {w : lim,,,; o X,,(w) = X (w)} we have that w € A if and only if

1
VkENINEN st.¥n 2 N |X,(w) = X(w)| < 7

and hence

A=AUN {weQ:]Xn(w)—X(w)|<%}

keN NeNn>N

is a measurable set (being the countable intersection of a countable union of a countable
intersection of measurable sets!). Useful equivalent definitions are

P (| X, — X| > e forinfinitely many n) =0 foranye > 0

and

limP(U |Xm—X|>e) =0 foranye > 0.
n—oo —n

To see that the latter two definitions are equivalent, first consider an increasing sequence
of events B,,, meaning that B; C B, for each ¢. Using countable additivity it follows
that (with By = )

P (U Bn> =P (U(Bn\Bn_1)> => P(B\B,-1) = lim P(B,).

n

A diagram might help here to see why the above is true and the final equality is an example
of a so-called telescoping series. This is called the continuity property of probability.
Next, note that | J°_ {|X,, — X| > €} is a decreasing sequence of sets and by taking
complements equivalence now follows (try filling in the details).

The remaining three modes of convergence are somewhat more straightforward.

Convergence in probability: the sequence { X, } converges to X in probability if

lim P(| X, — X|<e) =1, Ve>D0,

n—oo

. P
and we use the notation X,, — X.
An obviously equivalent definition is

lim P (| X, — X|>¢€¢) =0, Ve>0.

n—oo

Mean-square convergence: the sequence { X, } converges to X in mean-square if

lim E [(X, — X)*] =0,

n—00

and we use the notation X,, =5 X.
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Convergence in distribution: the sequence {X,,} converges to X in distribution if

lim F, (t) = Fx (1),

. . . . d
for any ¢ at which F'x is continuous. We use the notation X,, — X.

Relations among the modes of convergence:

1. if X, “8 X then X,, & X

2. if X,, ™ X then X,, & X

3. if X, = X then X,, % X.
Proof:

1. If X,, converges to X almost surely, this means that for any € > 0

nlgEoP<U |Xm—X|>e> = 0.

Since {|X,, — X| > ¢} C U, >_, {|X:n — X| > €} it follows that
lim P(|X, — X|>¢) =0,
n—oo

so X,, converges to X in probability.

2. From Chebyshev’s inequality we know that for any € > 0

- El(X, — X7

P(X,—X|>¢) < - 0

€

as n — oo and hence mean-square convergence indeed implies convergence in
probability.

3. Suppose for simplicity that X,, and X are continuous random variables and assume
that X, % X. From the bounds
P(X<t—e)<P(X,<t)+P(|X,—X|>¢)
and
P(X,<t)<P(X<t+e)+P(|X,—X[>¢)
it follows by letting € > 0 arbitrarily small that
P(X,<t)— P(X <t) asn— oo.

This argument can be adapted to the case when X, or X are not continuous random
variables as long as ¢ is a point of continuity of F'x.

Note that it follows that convergence in distribution is implied by any of the other modes
of convergence. None of the other implications hold in general. For some of the examples
and also for the proof of (a special case of) the Strong Law of Large Numbers the so-called
Borel Cantelli Lemmas are incredibly useful.
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19.1 Borel Cantelli Lemmas

The Borel Cantelli Lemmas are two fundamental lemmas in probability theory. Let A,
be a sequence of events and denote by A := N,, Us_ A, the event that infinitely many

m=n

of the A,, occur. The Borel Cantelli Lemmas give sufficient conditions on the A,, under
which either P(A) =0 or P(A) = 1.

Borel Cantelli 1: Suppose >~ | P(A,) < co. Then P(A) = 0.

Proof: Note that since by definition A C U;°_ A,, for each n, it follows that
P(A) < P(|J An) ) P(An) 20 asn— oo

since Y | P(A,) < cc.

Borel Cantelli 2 Suppose that A, As, ... are independent and .~ | P(A,,) = oo. Then
P(A) =1.

Proof: It suffices to show that P(A°) = 0. Note that

P(A°) = P (U ﬁ A;)

n m=n

n—o0

= lim P ( ﬂ Aﬁn) (as () -_, AS, is increasing in n)

= nll_}fng H (1—-P(A,,)) (independence)

. —P(Ap) . . < o
nlg{)l()H(f (since 1 —x < e™7)

m=n

lim e~ Zm=n '(Am)

IN

n—o0

= 0

whenever > " | P(A,) = oc.

19.2 Examples of various modes of convergence

Example “in probability” does not imply “almost surely”

Let X,, be independent Bernoulli random variables with parameter p = 1/n. Then it
obviously holds that X,, = 0 since P(|X, -0 >¢) = P(X, =1) =1/n - 0
as n — oo. You may find it surprising (at least upon first reading) that X,, does not
converge to 0 almost surely. Indeed, considering A,, := {X,, = 1} it holds that

2 P =2

n= n=1

= 0

S|
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as the harmonic series divergeﬂ Now, from the second Borel Cantelli Lemma it follows
that P(X,, = 1 for infinitely many n) = 1, so X,, does not converge to 0 almost surely.

Example “square mean’’ does not imply “almost surely”
Let X, be defined as in the previous example. Then

E[(X, —0)*] = % —0

as n — 00, so X,, converges in mean square to 0 but not almost surely.
Example “in probability” does not imply ‘“‘square mean”

Convergence in probability only means that the probability that X,, and X differ by at
most € > () goes to zero as n — oo, and, in particular, it does not lead to any restriction
on the values of X,, when it is not close to X . Take for example X,, = Owithp =1—1/n

and X,, = n with p = 1/n. Again, it holds that have that X, £o. However, since

n2

E[(X, _O>2] = —=n

n
does not converge to zero, the random variables X,, do not converge to 0 in square mean.
Example “almost surely”’ does not imply ‘“‘square mean”

If we tweak X, and define the sequence now with P(X,, = 0) = 1 — 1/n? and P(X,, =
n) = 1/n* we have that for any ¢ > (

P(|X, — 0| > )

n?’

Since o7 n~? < oo, (in fac(] it is 72/6), it now follows from the first Borel Cantelli
Lemma that

P(|X, — 0| > € forinfinitely many n) =0 for any € > 0,
or equivalently, X,, “3 0. On the other hand,
E[(X, —0)?] =n?/n*=1
and so X, does not converge to 0 in mean square.

Example “in distribution” does not imply anything

Let Z be a standard normal random variable and let X,, = (—1)"Z. Than X,, converges
in distribution to Z but does not converge in any of the other three modes.

Example “almost surely” implies ‘“in probability”

3for example, this follows form the fact that the harmonic series 1 + 1/2 + (1/3 + 1/4) + (1/5 +
1/6+1/7+1/8)+ ... hasalowerbound 1 +1/2 + (1/4+1/4) + (1/84+1/84+1/84+1/8) +... =
1+1/2+1/24+1/24+...=x

“for various proofs of this surprising result see http://empslocal.ex.ac.uk/people/
staff/rjchapma/etc/zetal2.pdf
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Consider X,, and X ~ U]|0,1] such that X,,(w) = w + w" and X(w) = w for any

€ [0,1]. Then if w € [0,1) we have w” — 0 and so X,(w) - X(w) = w. When
w = 1 we have X,,(1) = 2 but X (1) = 1. However, the set in which we have problems is
A ={ws.t. w =1} and we have

P(A) =1-P(A°) = 1-P({wst. w € [0,1)}) = 1— [Fx(1)— Fx(0)] = 1—[1—0] = 0.

We have also convergence in probability. We can write X,, = X + X", then

P(|IX,—X|>¢) = P(X">¢) =
= P(X —eUX">¢) =
= P(X <—€/"UX > e =
— P(X<—1UX>1) 0.

Example “in probability” does not imply ‘‘almost surely”

Consider X, and X ~ UJ0, 1] such that

Xi(w) = w+Ipy(w),
Xo(w) = w+Ip1/9w),
Xg(w) = w-+ ][1/271] (w),
Xy(w) = w+Ipizw),
Xs(w) = w+Inys2m(w),
Xo(w) = w+Ipsiw).

Define also X (w) = w. Let’s compute the probability limit
P(|X,—X|>e)=P(X+15, — X >¢) =0,

since d,, is an interval that becomes smaller and smaller as n — oco. Then X,, — X in
probability. However, for any w we have an n such that X, (w) = w, X,,11(w) = w + 1,
and X, ,5(w) = w. Therefore the set of outcomes such that X,, does not converge to X is
the whole sample space [0, 1] which implies that no almost sure convergence exists.

Example “in probability”’ implies “in distribution”

Convergence in probability implies convergence in distribution. Assume that X,, ~
Ul0,1] and are i.i.d. such that X,, = maxj<;<, X;. We prove that X,, converges in
probability to the random variable X = 1.

P(X,—1>€¢) = P(X,—1>eUX,—1<—¢) =

= PX,>e+1)+P(X,<1l—¢) =
= 0+P(@?:1X1<1—€>:
= [[PXi<1i—¢) =

=1

= (1—¢)"—0.
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Then consider e = t/n
P(X,<1—t/n)=(0—t/n)" —e"
therefore
P(X,>1—t/n)=Pn(l-X,)<t)—>1—c"
which is a cdf of an Exponential r.v. thus, n(1 — X,,) ~ Exp(1).
Example “in distribution” and continuity of cdf
Define X, ~ U[1/2 —1/n,1/2 4 1/n] then as n — oo, X,, — X = 1/2 in distribution,

where the limiting r.v. is a degenerate r.v. with all its mass in 1/2. We have

FXn(t):{ 0 t<1/2—1/n or t>1/24+1/n

t—<1/23—;1/n> te1/2—1/n,1/2+1/n].

As n — oo the cdf converges to Fx, (1/2) = 1/2, however the limiting r.v. has cdf
Fx(1/2) = 1 as all the mass of X isint = 1/2. Soint = 1/2 the cdf of X, does not
converge to the cdf of X. However, ¢ = 1/2 is a point where Fx is not continuous, thus
we still have convergence in distribution.

20 Two Laws of Large Numbers

Let X;, X5,... be a sequence of independent identically distributed random variables
with moments E[X;] = p and Var[X;] = o2, such that 0? < oo, for all i. We define
Sp = Y, X; and S,,/n is the sample mean (a random variable). Then we have two
results.

Weak Law of Large Numbers:

lim P (
n—oo

&—,u‘<e):1, Ve > 0

n

that is .S, /n R L.

Proof: for every e > 0, we use Chebychev’s inequality

E[(S,/n — u)?] _ Var[Sy/n] _ Var[S,] _ o?

2 2 2 o

P([Sn/n—pl > €) <

€ € n2e? ne

which converges to 0 as n goes to oo.

Whereas the weak law of large numbers numbers is straightforward to prove, perhaps not
surprisingly the strong law of large numbers requires some more effort.

Strong Law of Large Numbers:

P (lim 5
n—oo




that is S, /n “3 .

Proof: Here we give the proof in the case that we have the additional assumption that
E[X}] < co. In that case, note that

Bl(Su/n— ) = B <Z<Xi - m)

i=1
Note that this is a rather humongous sum. Justify (exercise) that it is equal to

LB~ ) 4 3n(n - 1) (B[ - w?)}

nt

Note that this expression can be bounded by C'n~2 for some C' > 0 which does not depend
on n. Using Chebyshev’s inequality with g(z) = x* we have that for ¢ > 0

El(Su/n—p)] _ C

4

P(|Sn/n—pl =€) <

€ ~ etn?
Since 1/n? is summable we deduce from Borel Cantelli 1 that S, /n %% 4. (to see why,
reconsider the example above of almost sure convergence but not convergence in mean

square).

On the assumptions: for the proof of weak and strong law above we have used the
assumption of finite second and fourth moment, respectively. This is in fact stronger than
what is needed. A sufficient condition is the weaker assumption E[| X |] < oo ; the proof
is much more demanding though.

The Strong Law of Large Numbers implies the Weak Law of Large Numbers and also

convergence in distribution S,,/n KN 1 which can be interpreted as convergence to the
degenerate distribution with all of the mass concentrated at the single value ;.. We shall
soon see that, just as in the case of the sum of Bernoulli random variables at the begin-
ning, we can say a lot more about the limiting distribution of .S,, by proper rescaling. To
be more specific, since S,,/n — p converges to zero and since Var(S,/n — u) = 1/n, a
scaling with factor /n, i.e. v/n(S,/n — u) seems promising. This is the subject of the
next section.

21 Central Limit Theorem

In this section we state and prove the fundamental result in probability and statistics,
namely that the normalised sample mean from an i.i.d. sample (with finite variance)
converges to a standard normal distribution. We shall make use of moment generating
functions and the following result from the theory of so-called Laplace transforms.
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Convergence of mgfs (Theorem 2.3.12 in Casella Berger) If X, is a sequence of ran-
dom varaibles with a moment generating functions satisfying

n—oo

for all ¢ in a neighbourhood of 0 and if Mx(t) is a moment generating function of a
random variable X, then X, 4 X,

Assumptions: given an i.i.d. sequence of random variables X, X5, ... with finite vari-
ance o2 > 0, define S, = > | X;.

Central Limit Theorem: if the mgf M x (¢) of X exists in some neighborhood of 0, then,
as n — 400, and for Z ~ N(0, 1),

Sp/n—p  Sp—np q
= Z.
Vi o Vno ~

We can state the convergence in distribution as

Sn/n—,u ) a ,—z%/2
P(\/ﬁ—<a — dz, VYaeR.
pn = o

Notice that both y and o2 exist and are finite since the mgf exists in a neighbourhood of
0.

Proof: Define Y; = (X; — pu)/o, then

Sp/n—p 1 O

therefore the mgf of Y; exists for ¢ in some neighbourhood of 0 (and we shall take ¢
sufficiently small from now on), given that Y; are i.i.d.

M\/ﬁa—l(Sn/nﬁu)(t) - M 1/2271 y()
= (E[exp (ti/V)])" =

- ()

By expanding in Taylor series around ¢ = 0, we have

Now notice that E[Y;] = 0 and Var[Y;] = 1 for any 4, thus

w (Ge) =1+ [ ]
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where the last term is the remainder term in the Taylor expansion such that

ol(t/v/n)*]

lim ————=5==0.

NN

Since t is fixed we also have

t S~ o ()] 0

thus

n—oo n—o0

, 1 (¢
= llm<l+—|—=4+no
n—o00 n 2

. . t "
hm M\/ﬁa—l(sn/n—u)<t> = hm [Mﬁ <%>:| =

G])) -

which is the mgf of a standard normal random variable. Therefore, by uniqueness of the
moment generating function, \/n(S,/n — u)/o converges in distribution to a standard

normal random variable.

On the assumptions:

1. we can relax the assumption of finite variances, it is enough to have X; that are small
with respect to S,,; this can be assured by imposing two conditions by Lyapunov
and Lindeberg of asymptotic negligibility;

. Independence can also be relaxed by asking for asymptotic independence.

. The assumption on the existence on moment generating functions can be dropped
and a similar proof can be given in terms of the so-called characteristic function.
This is defined similarly to the moment generating function by

®(t) := E[e"¥] fort € R.

Here i = \/—1 and e = cos(x) + isin(x) for z € R. The advantage of the
characteristic function over the moment generating function is that the former al-
ways exists. This is due to the property that |e®?| = cos?(z) + sin?(x) = 1 and
hence ®(¢) < 1. Characteristic functions also uniquely determine distributions and
there is a convergence result equivalent to the one above for moment generating
functions. Once you have calculated the moment generating functions, it is usually
straightforward to find the characteristic function. For example, if X is standard

normal, then
CI)X(t) _ E[eitX] _ e(it)2/2 _ €7t2/2.

Reading

Casella and Berger, Sections 5.5
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22

Properties of a Random Sample

A description of a statistical analysis may be described as follows:

. Consider a real-world phenomenon/problem/population with uncertainty and open

questions.

Probability model: Identify the random variable(s) associated with the problem and

assign a suitable probability model. The model is described by some parameter(s)
0.

Draw a sample from the population.

. Use the information contained in the sample to draw inference, that is gain knowl-

edge for the population parameters ¢ and provide answers to the questions.

In this course we are concerned with parts 3 and 4.

22.1 Random Sample

A sample is a collection of random variables X = (X, X»,..., X,,). An observed sam-
ple is a collection of observations (z1, T, ..., 2,) on (X1, Xo, ..., X,).

Let X, X5, ..., X, be independent and identically distributed (i.i.d.) random variables
each with pdf or pmf f(z;|0). Then X, X5, ..., X,, are called a random sample of size
n from population f(x;|0).

A random sample of size n implies a particular probability model described by the
population f(z;|@), that is by the marginal pdf or pmf of each X;. Notice that it de-
pends on some parameter ¢, and if we know 6 then the model would be completely
specified. However, 6 is in general unknown and it is the object we are interested in
estimating. For this reason we highlight the dependence on ¢ when indicating the
pdf or pmf.

The random sampling model describes an experiment where the variable of interest
has a probability distribution described by f(x;|6).

Each X, is an observation of the same variable.
Each X; has a marginal distribution given by f(z;|0).

The joint pdf or pmf is given by

n

Fx(@10) = fxy 0 (01,00, wal0) = f(21]0) f(w2]0) ... f(20]0) = [T £(2:]0)

=1
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Example

¢ Poisson:

n

* Exponential:

22.2 Statistics

sey

i1 .CL’z' Hi:l IZ'

Let T(z1, xa, . .., x,) be areal or vector valued function whose domain includes the sam-

ple space of X1, Xo, ..
a statistic.

, X, Then the random variable Y = T'( X, X, ..., X,,) is called

* Inferential questions are hard to answer just by looking at the raw data.

* Statistics provide summaries of the information in the random sample.

* They could be arbitrary functions but they cannot be functions of parameters.

The following are three statistics often used

* The sample mean

* The sample variance

X:X1+X2+ —i—Xn:lZXZ
n n <
st LS (x- %)
n_lifl Z

» The sample standard deviation S = v/ 52.

2

Notice that these are random variables and we denote their observed values as z, s-, s.

Lemma Let X, Xo, ..

., X, be a random sample from a population and let g(z) be a

function such that E[g(X)] and Var(g(X})) exist. Then,

E (Z g(&-)) = nE [g(X1)]

70



and

Var (Zgom) = nVar [g(X,)].

Theorem Let X, X5, ..., X,, be a random sample from a population with mean p and
variance 0% < oo. Then

1. E(X) = p,
2. Var(X) = %2,
3. E(S?%) = o2

As we will see later in detail we say that X and S? are unbiased estimators of ;. and o2
respectively.
22.3 Sampling Distribution

The probability distribution of a statistic 7' = 7'(X) is called the sampling distribution
of T

Theorem Let X, X5, ..., X, be a random sample from a population with mgf My, (t).
Then the mgf of the sample mean is

Mx(t) = [Mx, (t/n)]".

When applicable, the theorem above provides a very convenient way for deriving the sam-
pling distribution.

Example

e Xi,..., X, iid. from N(u,o?), then

0~ o o+ 47 - )

thatis X ~ N (,u, %2)
e X1,...,X,iid. from Gamma(a, 3), then X ~ Gamma(na, 3/n).

If we cannot use the above theorem we can derive the distribution of the transformation
of random variables by working directly with pdfs.
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22.4 Transformation of Random Variables
22.4.1 Transformation of Scalar Random Variables

Theorem: Let X,Y be random variables with pdfs fx(z), fy(y) and defined for z € X
and y € ), respectively. Suppose that g(-) is a monotone function such that g : X — Y
and g~!(-) has a continuous derivative on ). The pdf of Y is then

Fry) :{ fx(g7'(y) ‘%g‘l(y) , Yy €Y,

0, otherwise.

Proof: Let X be a random variable with density fx(z) and Y = g(X) or X = g~ }(Y).
If g~1(+) is increasing

Fy(y) =P <y)=Plg(Y) < g7 (v)),
=P(X <g'(y) = Fx(9'(¥),
(o) = S Fr ) = 2Rl ) = fto™ ) 2
If g7'(-) is decreasing
Fy(y)=PY <y)=Plg~(Y) 297 (v)),
=P(X>g'(y) =1~ Fx(g7'(v),
i) = =g Pl () = fxla ™) |-

(The derivative of a decreasing function is negative)
Putting both cases together if g~'(.) is monotone

) = Fxlo™ () \dgd—y(y)'

Example: Inverse Gamma Distribution. Let X ~ Gamma(c, (),
2% Lexp (— %)
P()pe 7

We want the distribution of Y = 1/X, therefore g(z) = 1/x and g~ '(y) = 1/y. Then,
< 5=1(y) = —1/y%. We can therefore write

dy9
() = fx(g™'(v)) ‘dgdly(y)’ _ <§> P (‘?5) 1

fx(l'|0é,5) =

0 <z < oo,




Square Transformations: What if ¢(-) is not monotone? For example consider Y = X?,
then ¢~ '(y) = \/y and clearly Fy(y) = P(X < ,/y) is not defined if y < 0. Fory > 0

Fy(y) = P(Y <y)=P(X?<y)=P(—/y < X < /y),
= Fx(vy) — Fx(=/Y)

o) = %Fw )= di[m@ - Fx(-vi)

= 7fX(\/_) +—\/—fx( V), if y > 0.

Example: Y? distribution from standard Normal.

Let X ~ N(0,1), and consider Y = X?. Using the previous result we get

Fr0) = 57 = (VI ¢ g epl (v 2),

e (-3)
= exp | —=
21y P 2

Note that )

Y
fry) = ryt 1eXp(——>,
which is the pdf of a Gamma(3, 2) dlstrlbutlon, or else a x? distribution with one degree
of freedom.

22.4.2 Transformations of Multivariate Random Variables

Let X = (Xi,...,X,) be d-dimensional random variable and Y = (Y7,...,Yy) =
g(X) sothat X = g~ 1(Y), or else

Xl - gl_l(Ylu B 7Yd)7
X2 - 92_1(}/17 s 7Yd)7

Xd :ggl(}/lw"vyd)'

The transformation g : X C R? — ) C R? from X to Y has to be one-to-one.
Consider the matrix with the partial derivatives

99 (V) 9gr (V) 991 1 (Y)
) ey i
_ )
ag 1(Yi’ e 7Yn) — g%}ﬁ g%YQ e Q%Yd
o(Yy,...,Y,) : : :
dg; (V)  dg ' (Y) dg; (V)
oY1 0Y> T Yy
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The Jacobian, J of the transformation g(-) is the determinant of the matrix of derivatives
above. It provides a scaling factor for the change of volume under the transformation.

Formula for multivariate transformations:

Using standard change of variables results from multivariate calculus, we get

le ..... Yd(ylv-“ayd):le ..... Xq (gl_l(Y)vmgc;l(Y)) |J|

Theorem: If X, Y are independent random variables with pdfs fx(z) and fy (y), the pdf
of Z=X+Yis

fo) = [ Frw)le - w)du
This formula for f(z) is called the convolution of fx () and fy (y).

Proof (of the convolution expression): We introduce an extra random variable W = X
so that

Z=X+4+Y, and W =X or
X=W, and Y =2 —-W.

The Jacobian is equal to 1. Since X, Y are independent their joint pdf is fxy(z,y) =
fx(z) fy(y). We can now write

fow(z,w) = fxy(w,z —w) x 1 = fx(w)fy(z —w)

Finally,
+oo +o0

fz(z) = fzw (2, w)dw = fx(w)fy(z = w)dw
Example: If X and Y are independent and identically distributed exponential random
variables, find the joint density functionof U = X/Y and V = X + Y.

For U = X/Y,V = X +Y, the inverse transformation is X = UV/(1 + U),Y =
V/(1+ U). We have

V/(1+U)?, g—)v( =U/(1+70), % =-V/(1+U) 2—3; =1/(1+0).

X _
ou

The Jacobian is

V/(1+U)? U/(1+470)

VA4 U? 11+ =V({1+U)/1+U)°=V/1+U)?

which is non-negative for U, V' > 0.
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For U, V' > 0 the joint density is therefore

Jow () = Fro (@, y)o/(L+ ) = Ne @00/ (1 4 u)? = Noe ™ /(1 + u)

The joint density factorises into a marginal density for V', which is Gamma with a scale
parameter \ and a shape parameter 2, and a Pareto density 1/(1 + u)? for U. So U and V/
are independent.

22.5 Sampling from the Normal distribution

Theorem Let X, X5, ..., X, be arandom sample from a N (u, 0%) distribution.

1. X and S? are independent random variables.
2. Xhasa N (u, %) distribution.

3. (n — 1)S?/0? has chi squared distribution with n — 1 degrees of freedom (y2_,).

22.5.1 Chi-squared distribution

1. A x} distribution is a Gamma(p/2, 2) distribution. Its pdf is

1

— (p/2)-1,-y/2

2. If Zisa N(0,1) random variable, then Z? ~ 3.

3. If Xy, X, ..., X, are independent and X; ~ X?w then

Xi 4 Xt Xn ™ Xyt

4. Let X be distributed according to a x>. Then E(X) = p and, for p > 2, E(+) =
1/(p—2).

22.5.2 Student’s ¢t distribution

Let X1, X5, ..., X, be arandom sample from a N (u, 0%) distribution. We know
X —p
a/\/n

~ N(0,1).
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But o2 is usually unknown. It would be most useful if we knew the distribution of the
statistic

X —p
S/vn
The distribution of 7" is known as the ¢ distribution with n — 1 degrees of freedom. Note
that _ _
X (X-plefm 7
S/vVn \/S? /o2 \/V/(n—l)’

where Z ~ N(0,1), V ~ x2_,,and Z, V are independent because of the above theorem.

T =

Example Let Y be a random variable distributed according to Student’s ¢ distribution
with p degrees of freedom. Show that

1. The pdf of YV is

) (27r)_1/22_p/2p_1/2 (p—l—l) { 9 }(p+1)/2
v(y) =

I'(p/2) 2 1+y?/p
2. E(Y) =0,ifp > 1.
3. Var(Y) =p/(p—2),if p > 2.

22.5.3 Snedecor’s I distribution

Let X1, X», ..., X, be arandom sample from a N (y,, o2) population, and Y7, Y5, ..., Y,
be a random sample from a N (,, 03 ) population. Suppose that we want to compare the
variability between the two populations. This can be done through the variance ratio
o2 /o7 but since these are unknown we can use S-/S;. The F' distribution compares these
quantities by giving us the distribution of

_ 5:/8y

ag/ag

Note that /' may be written as
_Sifor _U/n—1)

b= S2fo2  V/(m—1)

where U ~ x2_ |,V ~ x2 _, and U, V are independent.

Example Let Y be a random variable distributed according to Snedecor’s ' distribution
with p and ¢ degrees of freedom.

1. Find the pdf of Y.

2. Show that E(Y') = ¢/(q — 2), if ¢ > 2.

3. Show that 1/Y is again an F’ distribution with ¢ and p degrees of freedom.
4. Show that if T ~ ¢, then T? ~ F} ,

76



22.6 Order Statistics

Let X1, Xs, ..., X, be arandom sample from population with distribution function F'(x)
and density f(z). Define X; to be the i—th smallest of the { X} (i = 1,...,n), namely

Xy =X < = X

We want to find the density function of X(;. Notice that while X; is one element of
the random sample, X;) is a statistic which is function of the whole random sample.
Informally, we may write for small Az,

Py, (z + Ax) = Fx, (v) _ P[Xg € (2,7 + Az)]

fX('L) (l‘)

The probability X;) is in (x, x + Ax) is roughly equal to the probability of (i — 1) obser-
vations in (—o0, x), one in (z, x + Az) and the remaining (n — i) in (z + Az, +00). This
is a trinomial probability

P[X4) € (z,2 + Ax)] B n! P(one observation € (z,z + Ax))

F(x) ' [1—F(x+Ax)]"" Ao

Az (i —D)!1(n — 1)
As Az — 0, rigorous calculations provide

n!
(1 —1)l(n —1q)!

Notice that this formula is function of the population cdf and pdf, i.e. of a generic X;.

F(z)™ f(2)[1 = F2)]"".

fX(i) (:L‘) =

Example: Let X, Xy,..., X, be a random sample from U(0,1). Find the density of

The density of X ;) becomes (for 0 <y < 1)

n! i—19(1 — )"
D= o)
_ I'(n+1) i1 n—it+1)—1
~Tarmti—9° (- z) Y

fx(i) (y) =

This is a Beta(i,n — i + 1) distribution. We get

E[Y(] = i ) Var(Y(;)) = (ﬁj(_fl_)i;i)%

Reading

G. Casella & R. L. Berger 2.1, 4.3,4.6,5.1,5.2,5.3,54
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23 The Sufficiency Principle

* Each statistic reduces the observed sample into a single number; data reduction.
* Inherently there is some loss of information.

* A good inferential procedure is based on statistics that do not throw too much in-
formation.

23.1 Sufficient Statistics

A sufficient statistic for a parameter 6 captures, in a certain sense, all the relevant infor-
mation in the sample about 6.

Sufficiency Principle: If 7'(Y") is a sufficient statistic for 6 then any inference for 6 should
be based on the sample Y only through 7'(Y"). That is if x and y are two observed samples
(thatis x = (x1...2,) and y = (y1...y,)) such that T'(x) = T(y) then the inference
about # should be the same regardless if Y = y or Y = = was observed.

Definition: Let Y = (Y7,Y5,...,Y},) be arandom sample. A statistic U = T'(Y) is a suf-
ficient statistic for a parameter 6 if the conditional distribution of Y|U = u is independent
of . In other words if fy (y|@) is the joint pdf or pmf of the sample Y, and f;;(u|0) is the
pdf or pmf of U, U is a sufficient statistic if

— ) — fY,U(y7U|9) _ fy (yl0)
FrwlU =) = fold)  fu(ulf)

is a constant as a function of @ for all y (that is it does not depend on #). Notice that since
U=T(),wehave P(Y = y,U = u) = P(Y = y), indeed the event {Y = y} is a
subset of the event {T'(Y) = T'(y)} (consider for example the case T'(Y) = > | Y}).

Notes

» If Y is discrete, the ratio above is a conditional probability mass function.

PY =y[T(Y)=T(y)) =

* If it is continuous it is just a conditional pdf.

¢ The definition refers to the conditional distribution. A statistic is sometimes defined
as being sufficient for a family of distributions, Fy (y|6), 6 € ©.

Example: Let Y = (Y7,...,Y},) be a random sample from a Poisson(\) population, and
letU =T(Y)=73",Y; It can be shown that U ~Poisson(n\). We can also write
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and note that

so we can then write

ooy = P =y) T exp(= M)A/ (w)
PEY =ylU =u) = PU=u)  exp(—n\)(n\)*/(u!)
u!
X H?:l yi!

U is sufficient since there is no ) in the above.

Theorem (Factorization Theorem): Let Y = (Y},Y5,...,Y,,) be a random sample with
joint pdf or pmf fy (y|6). The statistic T'(Y") is sufficient for the parameter 6 if and only
if we can find functions g(.) and Ah(.) such that

fr(Wl0) = g (T(y)10) h(y)

forall y € R™ and # € ©. (Note that both 7" and 6 can be vectors)

We give the proof for a discrete valued Y. The proof for the continuous case is quite
technical and beyond the scope of this course.

Proof of Factorization Theorem:

Preliminaries: Since 7'(Y) is a function of Y we can write

PY =y)=PY =y, T(Y)=T(y)) (1)
but NOT
P(T(Y)=T(y) =P =y, T(Y)=T(y))
Indeed,
P(I(Y)=T(y) = Py =y, T(Yi) = T'(y))
kT (yr)=T(y)
= P(Yy = i) ()
YT (yr)=T(y)

That is the event {Y = y} is a subset of the event {T'(Y) = T'(y)} but not the viceversa.

79



If T is sufficient: Suppose 7' is sufficient for §. That is P(Y = y|T(Y) = T(y)) is
independent of 6. We can write

o(T(Y) =Ty)PY =yT(Y)=T(y))

since the pmf Pp(T(Y) = T'(y)) is typically a function of 7'(Y") and 6 whereas P(Y =
y|T'(Y) = T(y)) is independent of & due to the sufficiency of 7". Note that the function
g(T(Y),0) is the pmf of T'(Y).
Converse: Suppose (Y = y) = g(T'(y), 0)h(y). The conditional pmf

B(Y = y, T(Y) = T(y))

(1)) Py(Y =)
2 ety =1() Lo (Ye = Uk)
9(T'(y),0)h(y)

N Zyk T (ys)=T(y )Q(T(y) 0)h(yx)
oI Oh) Ay
9(T(Y),0) 2y =) MUK Dy r=r(w) (k)

which is independent of 6. Hence T'(Y) is a sufficient statistic.

Example: Let Y = (Y3,...,Y,) be a random sample from the following distributions
find a sufficient statistic for each case.

1. Sufficient statistic for x4 from a N (u, 0?) population with o known.

The joint density may be written as

Fr (Y1) = (2702) "2 exp (_n<Y — ) 20+2<n —1)S )

ey (015 g (T )

The statistic T(Y) = Y is sufficient for p since if we set g(T'(Y), i) = exp (—%)
and h(Y) = (2702)~"/2 exp (“;1352 ) we have fy(Y|p) = g(T(Y), )h(Y).
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2. Sufficient statistic for (i, 0%) from a N (i, o%) population.

The joint density may be written as

Jr(Ylp,0%) = (2m0%) ™" exp (—”(Y — )+ (n 1)52)

202

The statistic T'(Y) = (Y, 5?) is sufficient for (u, o2) since if we set g(T(Y), u, 0?) =
fy (Y|u,0?) and h(Y) = 1, we have fy (Y|, 0?) = g(T(Y), u, e*)h(Y).

Note: The statistic Y is sufficient for y but not for (i, 02).

3. Sufficient statistic for # from Unif(0, 6).

Let I(Y € A) denote an indicator function, that is a function that equals 1 if Y € A
and O otherwise.

The joint density may be written as

Fr(y]0) :H5 (y; > 0)I yz<6):%](mﬁxyi<9)](miinyi>0)

The statistic 7(Y) = max;y; is sufficient for 6 since if we set g(T(Y),0) =
I (max;y; < ) and h(Y) = I(min; y; > 0), we have fy (Y]0) = g(T(Y),0)h(Y).

23.2 Minimal Sufficiency

Example (Sufficiency of the sample): Let Y = (Y;,...,Y,,) is a sample from a popula-
tion with fy; (y;|¢). Denote the joint density of the sample Y by fy(y|6).

Note that
fr(ylo) = fy(yld) x 1= g(T(y)|0) x h(y),
where
TY)=Y, g(TW)0) = fr(yld), hly)=1

Every sample is itself a sufficient statistic. Also every statistic that is a one-to-one function
of a sufficient statistic is itself a sufficient statistic.

There exist many sufficient statistics.

Ideally, we would like the simplest possible sufficient statistic.

If a statistic 1" is a function of a statistic S, then it contains no more information
than S.

We look at those sufficient statistics which are still sufficient even though they are
functions of other statistics.
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Definition: A sufficient statistic 7°(Y") is a minimal sufficient statistic if for any other
sufficient statistic 77(Y"), T'(Y’) is a function of 7"(Y").

Some facts about minimal sufficient statistics

¢ If a sufficient statistic has dimension 1, it must be a minimal sufficient statistic.

* Minimal sufficient statistics are not unique. However if two statistics are minimally
sufficient they must have the same dimension.

* A one-to-one function of a minimal sufficient statistic is also a minimal sufficient
statistic

* The dimension of a minimal sufficient statistic is not always the same as the dimen-
sion of the parameter of interest.

Reading

G. Casella & R. L. Berger 3.4, 6.1, 6.2.1, 6.2.2

24 Point Estimation

Problem:

* Suppose that a real world phenomenon may be described by a probability model
defined through the random variable Y with Fy (y|0).

* Suppose also that a sample Y = (Y7, Y5, ...,Y,) is drawn from that distribution.

* We want use the information in the random sample Y to get a best guess for 6. In
other words we want a point estimate for 6.

* A function of Y that gives a point estimate 6 is an estimator of . If we use the
observed random sample Y = y, we get the estimate of 6 which is a particular
value of the estimator.

Next, we look at two methods for finding point estimators, the method of moments and
the maximum likelihood estimators. Then we present evaluation methods for estimators.
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24.1 Method of Moments

Description: Let Y = (Y}, Y5,...,Y,) be a random sample from population with pdf or
pmf f(y|6y,...,0k). Let a sample moment be defined as

1 n
— =Ny
m, nzjl
i=1
Remember that the r-th (population) moment is

Hr = Mr(ely s aek) = EQ(Y;T)

Method of moments estimators are found by equating the first £ sample moments to the
corresponding & population moments and solving the resulting system of simultaneous
equations.

Example: Y = (Y1,Y,,...,Y,,) be a random sample from N (u,o?) population. Find
estimators for 4 and o2 using the method of moments.

We want estimators for 2 parameters. Hence, we first write down the system of 2 equations

X =EX)=pn,

1 n
S O
n
i=1
and after solving it we get the following estimators
f=X,

1n 1n = 1 = n—1
~2 2 ~2 2 2 2 2
0__§ X,_M__E X‘_X__E:Xi_x — S

nifl ! niil ! n ( ) n

i=1

24.2 The Likelihood Function

Definition: Let Y = (Y3,Y3,...,Y},) be a sample from population with pdf (or pmf)
f(y;:]0). Then, given Y = y is observed, the function of # defined by the joint pdf (or
pmf)of Y =y

LY =y) = fv(yl0)

is called the likelihood function.

Notes
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In most cases the pdf of Y is thought as a function of Y whereas the likelihood
function is thought as a function of 6 for a given observed sample.

If for 01, 6, we have L(6,|y) > L(6:|y) then the sample is more likely to have
occurred if § = 6, than if § = 6. In other words ¢, is a more plausible value than
5.

The likelihood, as a function of 6 is not always a pdf.

» Sometimes it is more convenient to work with the log-likelihood, {(6|y) which is
just the log of the likelihood.

e IfY = (Y1,Y5,...,Y,) is arandom sample from f(y;|6), then

LO)Y =y) = fv(y|0) = Hf(y@'IG)

LOY = y) = log fr(y]0) = Zlogf vil0)

Example: Consider X continuous random variable with pdf fx (z|6), then for small € we

have P( % )
r—e< <x+e€
’ = ~ fx(xl6) = L(6]2)

therefore if we compare the probabilities for different values of  we have

Py(r—e<X<z+4+e€) L(bO1|2)

~

Pp(r—e< X <xz+4e€) L)

and the value of 6 which gives higher likelihood is more likely to be associated to the
observed sample since gives a higher probability.

Example: Likelihood and log-likelihood for exponential(\):

LAY =y) = exp< Azyz>, Y = 9) = nlogh— A3,

=1

Example: Likelihood and log-likelihood for N (1, 0%):

L(p,0®|Y =y) = (\/%)nexp (_Zn—l;+2_“)2)

n

11, 0?¥ = y) =~ (1og(2m) + los(0)) — 55 (i — )?

=1
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24.3 Score Function and Fisher’s Information

Definition: The score function associated with the log-likelihood {(0]y) is

_aloly) 1 9L(0y)
s0ly) = =54 L0y 00

Proposition: F(s(0]Y)) = 0.

Proof: (for the continuous case)

OL(0ly)
Bl = [ sOmsoinin = [ zossoini= [ Giwiom=g [ foni=o

because L(0|y) = f(y|0) and the last integral is equal to one, since the pdf is normalised.
Here it has to be intended that @ is the true value of the unknown parameters.

Notes:

1. For the discrete case replace the integrals with sums.

2. Although the score function is usually viewed as a function of ¢, the expectation
is taken with respect to Y, actually with respect to the distribution of Y which
depends on 6. This may be interpreted as follows. If the experiment was repeated
many times the score function would on average equal 0. That is, if we start at the
true value of the parameters, on average over many experiments the likelihood does
not change if we make an infinitesimal change of the parameter.

In most cases, if we plot the likelihood function against #, we get a curve with a peak in
the maximum. The sharper the peak is, the more information about # exists in the sample.
This is captured by the Fisher’s information:
8 2
()Y
(g510m))

This is the variance of the score (when computed at the true value of 6), so the larger it is
the more the score in the true value is affected by minimal changes in the parameters, the
sharper is the peak, the more precise is our information about 6.

Z(Oly) =Z(0)Y =y)=E [s(9]Y)’] = E

Proposition: Show that under regularity conditions (e.g. exponential family)

Z(6ly) = E [s(]Y)*] = —F {88—;1(9|Y)] =-F {%s(em}

again here it has to be intended that 6 is the true value of the unknown parameters.
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In this case at the true value of ¢ the Fisher info is also the negative Hessian of the log-
likelihood so it measures the concavity of the log-likelihood. In particular since the Fisher
information must be always positive (it is a variance), then the Hessian must be negative
which jointly with a zero expectation of the score (first derivative of the log-likelihood)
tells us that the true value of # is a maximum of the log-likelihood for any realisation
Y =u.

Proof:

0= diE [s(0]y)] = SO L0y = [ = [s(61y) £ (y16)] dy

0 df Jgn ~ Jgn d

= [ (Gstem) st + st610) 5 016) |
= [ |+ so?) sloras, ( 55010) = s0l o)
FE

o)+ 610 | = B | st6l)| + [0l

LetY = (Y1,...,Y,) be arandom sample from a pdf with fy. (y;|¢). Denote with s(6|y;)
and Z(6|y;) the Score function and Fisher information for Y; = y; respectively. Then, for
a realisation of the random sample we have

sOly) =Y s@ly).  Z(6ly) = nZ(Bly.).

i=1

Proof: The log-likelihood function is

(0]Y) = log (H f(me)) = Zé(em)

Hence

s(ofy) = 2O 57 OO _ 5 o)

i=1 i=1

For the Fisher information, using the fact that (Y7, ...,Y},) are i.i.d., we have

Z(0ly) = E (ZS(GIYZ-)) ZE s(01Y:)?] = nZ(0]y.),

=1

Or alternatively, using the Hessian,

o)~ (#2) -~ (% ﬁ)
_ Z (83 0Y;) > ZI Olys) = nZ(0lgs).




Example: Let Y = (Y),...,Y,,) be a random sample from an Exp(\). Show that the
score function is

s(0ly) = Zyz,

and the Fisher’s Information matrix is

n
T(0ly) = 35
Vector parameter case If ¢ = (6,,...,6,)’, then the score function is the vector
s(0) = Vo) = (o). Do)
v ~\ oo, 06,
and Fisher’s information is the matrix
E[s(0]Y)s(0]Y)].
The (i, j)** element of the Fisher’s information matrix is
0 0
Z0ly)].. =F 0|y 0|y
W) = B | 55 100) g 161Y )

It also holds that
E[s(0]Y)] =
Z(@y) =V [s(d]Y)], V][] denotes a covariance matrix
Z(0ly) = —E[VaVyl(0]Y)] = —=E [Vos(0]Y))]

or else

2010, =~ | 3017

Example: Let Y = (Y},...,Y,) be a random sample from a N(u,c?). Show that the
score function is
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57 i (i = 1),

— oy 507 2oy (Ui — 1)

s(0ly) =

and the Fisher’s Information matrix is

o0
Z(0ly) =
0 557

24.4 Maximum Likelihood Estimators

We have seen that the true value of the parameter § must be such that the log-likelihood at-
tains its maximum. This motivates mathematically the definition of maximum likelihood
estimator.

Definition: For each sample point Y = y let é(y) be the parameter value at which the
likelihood L(6]y) attains its maximum as a function of . A maximum likelihood esti-
mator of the parameter ¢ based on Y is the function §(Y").

Maximization: In general the likelihood function can be maximized using numerical
methods. However if the function is differentiable in 6, calculus may be used. The values

of 6 such that o0(6ly)
. Yy
s(6ly) =

are possible candidates. These points may not correspond to the maximum because

=0,

1. They may correspond to the minimum. The second derivative must also be checked.

2. The zeros of the first derivative locate only local maxima, we want a global maxi-
mum.

3. The maximum may be at the boundary where the first derivative may not be O.

4. These points may be outside the parameter range.

Notice that, an application of the Weak Law of Large Numbers tells us that, as n — oo,

we must have
n

Cs(0Y) = 37 s(01Y) B B [s(0]Y)] = 0

which justifies our necessary condition.
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Example: Let Y = (Y1, Y5,...,Y,,) be arandom sample from N (u, 1), —o0 < p < +o0.
Find the MLE for p. The log likelihood function is equal to

n

1 1 n n 1
) oo = 13007 =330 3=
i=1 i=1

=1

Setting the score function equal to 0 yields a candidate for the global maximum:

aJ .. - X N
%K(My):() = Zyi—n,u:() = p=Y.
i=1

We could check whether it corresponds to a maximum (and not a minimum) if the second
derivative of the log-likelihood is negative

82
a—/ﬂg(ﬂ\y) =-n<0

The MLE for y is i = Y (In fact more checking is required but it is omitted for simplic-
ity).

Example: We cannot always use the above calculus recipe. For example let Y =
(Y1,Y5,...,Y,) be a random sample from U(0, #). Assume to observe Y = y and rank
the realisations as (1) < ... < y(,). These are then realisations of the order statistics Y{;).
The likelihood for 6 given Y = y is

LOly) = 07"1(yq) = 0)I(ym) < 0)

and the log-likelihood for Y(;) > 0 is (notice that by construction all realisations are such
((0ly) = —nlog(0) if 0 = ym),

The function £(6|y) is maximized at § = Y(n) Which is our estimate. Hence g = Y is

the MLE.

Induced likelihood: Let Y be a sample with likelihood L(f|y) and let A = g(6). The
induced likelihood for A given Y = y is

L*(\Y =y) = sup L(O]Y =y)
0:9(0)=\

Theorem (Invariance property of the MLE’s): If g is the MLE for 6, then for any
function g(.) the MLE of g(0) is g(0).

Example: MLE for ;2 in N(y, 1) case is Y2, MLE for p/(1 — p) in Binomial(n, p) is
51— ) etc.
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24.5 Evaluating Estimators

Being a function of the sample, an estimator is itself a random variable. Hence it has a
mean and a variance. Let # be an estimator of 6. The quantity below

E(6-0),

is termed as the bias of the estimator . If E (é) = 0 the estimator is unbiased.
Estimators are usually evaluated based on their bias and variance.

The mean squared error (MSE) of an estimator 0 is the function of § defined by

MSE(H) = E(6 —0)*.
Note that

E(0 —0)* = E[§ — E(0) + E(0) — 6]
= E{[0 — EO)] + [E(0) — 0] +2[0 — EO)|[E(9) — 6]}
= E[0 — E(0) + E[(Bias)’] + 2[E(0) — E0)][E(0) — E(0)]
)

= Variance + (Bias)?

An estimator él is uniformly better than 92 if it has smaller MSE for all 6.

Example: Compare the MSE’s of S2, ”T_ISQ, and 62 = 1 as estimators for o2 in the
presence of a random sample Y of size n from N (p, 0?)

E(n_132> :71—1027
n n

Therefore “~+5? is biased.

n—1
n

2 4 -1
o
n—1 n?

MSE(S?) = ... =

04:MSE< 52),VU2, n=23,...

Thus %152 is uniformly better than S2. But it is not uniformly better than 62 = 1 which
has zero MSE when ¢ = 1.
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24.6 Best Unbiased Estimators

As seen from the previous example, we cannot find a ‘uniformly best” estimator. Hence
we restrict attention to unbiased estimators. The MSE of an unbiased estimator is equal to
its variance. A best unbiased estimator is also termed as a minimum variance unbiased

estimator.

Theorem (Cramér - Rao inequality): Let Y = (Y3,...,Y,) be asample and U = h(Y)
be an unbiased estimator of ¢g(#). Under regularity conditions the following holds for all

0
9 2
V(U) > —[616'{(}9(@))] |
Note that if g(6) = 0 we get
V) >
= Ty

and if also Y = (Y7, Y5,...,Y,) is a random sample

1
O = 20y

Proof: We know that when 8 is the true unknown value then

|Corr(X,Y)| <1 = Cov(X,Y)?> < V(X)V(Y),

21 (ylo) 0 B
s(0ly) = af(w = 55/ W10) = s(6ly) f(y16),
E[s(0]Y)] =0,

VIs(0[Y)] = Z(0ly),

and by assumption

Cov[a(Y), s(0]Y)] = E[h(Y)s(0]Y)] — E[A(Y)]E[s(0]Y)]

@

n

0 0

. ol Y
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E[h(Y)s(0]Y)] = / h(y)s(0ly) £ (516)dy

o) o 010y = B )] @

(6)

3)

“)

&)
(6)
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If we replace into inequality (3), we will get

0

Cov[h(Y), s(0)Y)]* = [%9

<9>] < VIW)IVIs@OY)] =

B | Za0)] <vwzew,

Example: Let Y = (Y7, Y5,...,Y,) be a random sample from N (p, 1).

n

Hply) =~ Tog(2m) — 5 >y — w)*

i=1

n n

Hence the Cramér - Rao lower bound for p is 1/n.

Consider /i = Y as an estimator for /.

E(Y) = p,
V(V)= .

Since /i = Y is unbiased and attains the Cramér - Rao lower bound for s, it is also a
MVUE for p.

Example: Let Y = (Y1,Y5,...,Y,,) be a random sample from Poisson(\). It is not hard
to check that Z(A|y) = n/A. Both the mean and the variance of a Poisson distribution are
equal to \. Hence

EY)=EY;) =\,
E(S*) =V (Vi) = A
Consider the estimators ;\1 =Y and ;\2 = S2. They are both unbiased. Which one to

choose?

n

Since 5\1 is unbiased and attains the Cramér - Rao lower bound for A, it is also a MVUE
for ).
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Theorem (Cramér - Rao attainment): If U = A(Y) is an unbiased estimator of g(0),
then U attains the Cramér - Rao lower bound if and only if

s(O]y) = b(8) [h(y) — g(0)]-

Example: Random sample Y from N(y, 1).
s(uly) =n(y —p) = blp) =n, hy) =7, 9(n) = .

Example: Random sample Y from Poisson(\).

Zﬁ—1 Yi n., _
My) = —n + &=L20 g )
s(Aly) n+ =5 ) v—A),

Proof of Cramér - Rao attainment theorem: The Cramér - Rao lower bound comes
from the inequality

Cov[A(Y), s(0]Y)]* < V[R(Y)]V[s(0]Y)].

The lower bound is attained if and only if the equality holds in the above which is the
case if and only if s(A|Y") and h(Y") are linearly related:

s(01Y) = a(0) + b(8)h(Y). (8)

Taking expectations on both sides we get

O = a(0) + b0)9(0) = a(6) = ~H(0)g(0).

Substituting into (§)), we get

s(O]Y) = =b(0)g(0) + b(O)h(Y) = b(O)[1(Y') — g(0)].

Theorem (Uniqueness of MVUE’s): If U is a best (minimum variance) unbiased esti-
mator of g(f), then U is unique.

Proof: We will use again the Cauchy Schwarz inequality

Cov(X,Y) < [V(X)V(Y)]'?, ©)

93



and the fact that when the equality holds in the above, we can write

Y =a(0) + b(0)X

Let U’ be another minimum variance unbiased estimator (V' (U) = V(U")), and consider
the estimator U* = 31U + 3U".

Note that U* is also unbiased
* 1 1 / ]‘ /

and

V(U + %[WUW(U’)W?

(U). (V({U) =V(U")

We must have equality in the previous expression because U is a MVUE. This implies
Cov(U,U") = [V()V(UN]Y? =V (U), and (10)

U’ = a(f) + b(O)U. (11)

We can write

v) =vw') @ covw, ") © covr, a(6) + b(6)U]
- cOV[U, bO)U] = b(O)V ().

Hence b(0) = 1. Also
EU)=EU) Q@ EW)+a) = EU) = ald) =0.

Since a(f) = 0 and b(#) = 1, U is unique.
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24.7 Sufficiency and Minimum Variance Unbiased Estimators

We can use the concept of sufficiency for searching for minimum variance unbiased esti-
mators.

Theorem (Rao-Blackwell): Let U(Y') be an unbiased estimator of g(¢) and 7'(Y") be a
sufficient statistic for 6. Define W (Y) = E(U(Y)|T(Y)). Then for all §

1. E(W) = g(0),
2. V(W) < V(U),

3. W is a uniformly better (unbiased) estimator than U.

Proof: The proof of the Rao-Blackwell theorem is based on the following conditional
expectation properties

E(X) = E[E(X|Y)] (12)
V(X) = VIE(X|Y)]+ E[V(X]Y)] (13)
We can write
9(8) = EQU) @ E[EUIT)] = EW(Y)],

(13)
V(U) = VIEWUIT) + EVU|T)]
= VW) + EVUIT)] = VIW(I)].
It remains to prove that W (Y') is indeed an estimator, i.e. independent of parameters.

If U is a function only of Y, then the distribution of U|T" is independent of parameters
(definition of sufficiency). Hence so is W (Y).

Note: conditioning an unbiased estimator on a sufficient statistics results in a uniform
improvement, actually conditioning on anything always givens an improvement but the
result might depend on 6 hence it will not be an estimator. Sufficiency is crucial then.

Example: Let (Y;,...,Y,) be a random sample from a distribution with mean x and
variance ¢ and suppose that 7" = 1" | 'Y; is sufficient for u. Consider the estimator
ity = Y for 1 and find a better one.

For the estimator /i;, we have

E(jn) = EM) =p, V() =V(M) =0’

Since Y7, Y5, ..., Y, are identically distributed
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EY|T) = EMT)

The Rao-Blackwell theorem states that the following estimator is better

X N 1 ¢ M@ 1«
fiz = E(jun|T) = ECIT) = = > EGAIT) @ =3 BWIT)
i=1 =1

1 " 1 — _
=5 (;mm) :5;1@=Y,

Indeed

_ _ 0‘2

E(fz) = E(Y) = p, V(i) =V(Y)=—<V(n)

Reading

G. Casella & R. L. Berger 6.3.1,7.1,7.2.1,7.2.2,7.3.1,7.3.2,7.3.3

25 Interval Estimation

25.1 Interval Estimators and Confidence Sets

(14)

* Point estimates provide a single value as a best guess for the parameter(s) of interest.

* Interval estimates provide an interval which we believe contains the true value of

the parameter(s).

* More generally we may look for a confidence sets (not necessarily an interval), for
example when when we are unsure whether the result of the procedure is an interval

and or in cases of more than one parameters.

Definition of interval estimator/estimate: Let Y = (Y7 ...Y),) be a sample with density
fr(y|0) and U, (Y"), Us(Y') be statistics such that Uy (x) < Usy(x) for any z. The random

interval [U;(Y'), Us(Y')] is an interval estimator for 6.

If the observed sample is y, then interval [U;(y), Us(y)] is an interval estimate for 6.

Definition of coverage probability: The probability that the random interval contains

the true parameter 6 is termed as coverage probability and denoted with

PIUL(Y) <0 <Uy(Y)]
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Definition of confidence level: The infimum of all the coverage probabilities (for each )
is termed as confidence level (coefficient) of the interval.

iIelfP [U1(Y) <0 < Us(Y)]
Notes:

* The random variables in the coverage probability are U, (Y") and Uy (Y"). The inter-
val may be interpreted as the probability that U, (Y") and U, (Y") contain 6.

* If an interval has confidence level 1 — « the interpretation is: ‘If the experiment was
repeated many times 100 x (1 — )% percent of the corresponding intervals would
contain the true parameter 6.’

* The random variables in P [U1(Y) < 6 < Uy(Y)] are U;(Y') and Uy (Y"). Thus

PU1(Y)<O0<Uy(Y)|=P[U1(Y) <ONUx(Y) > 0]
=1-PlU,(Y)>0UUy(Y) < 0]
=1—{P[UL(Y) > 0]+ P[U(Y) < 0] — PlUL(Y) > 0N U(Y) < 6]}
=1— P[U,(Y) > 0] — P[Ux(Y) < 6]

since P[U1(Y) > 0NUx(Y) < 0] =0.

Example: given an random sample X = (X ... X}) from N(u, 1), compare the sample
mean X which is a point estimator with the interval estimator [X —1, X +1]. At first sight
with the interval estimator we just loose precision, but we actually gained in confidence.
Indeed, while P(X = ;1) = 0, we have

_ _ _ X
P(X—1<M<X+1):P(—1§X—u§1):P<—2§ o

=

< 2) = .9544

because X ~ N(u,1/4). Therefore, we loose in precision but we now have over 95%
chances of covering the unknown parameter with this interval estimator.

Definition of expected length: Consider an interval estimator [U;, Us]. The length
U, — U, 1s arandom variable. One possible measure is its expected length

E(Uy; —U)

A good interval estimator should minimise the expected length while maximising the
confidence level.

Some notation: Suppose that the random variable X follows a distribution X'. We will
denote with X, the number for which

PIX<X)=a
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Naturally

PX>X,)=1—-«
We use such notation for various distributions. In particular we use the letter Z and Z,

for the standard normal distribution where we also write

P(Z < Z)=®(Z,) =a.

Same length different confidence levels:

Suppose that we have a random sample from a N (y, 1) and we want an interval estimator
for u. Let ky, ko be positive constants. All the intervals below have the same length.

1. [k, ko

2. Yy — ku, i+ kol

3. Y — ky, Y + Ky

Let’s evaluate their confidence levels. Note that Y; — i ~ N (0, 1)

1. This interval does not depend on the sample. If 1 € [k;, k2], the coverage proba-
bility is 1, otherwise it is 0. Thus the confidence level is 0.

2. The coverage probability is

P(Yi—ky < p<Yithy) =1 - P(Y — ki > p)
— B(ky) — B(—ky) = B(ky) + B(ky) — 1

which is equal with the confidence level.

3. Using the fact that \/n(Y — u) ~ N(0, 1) and similar calculations we get a confi-
dence level of

O(y/nky) + ®(Vnky) — 1> ®(ky) + P(ky) — 1

Same confidence level different lengths:
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Suppose that we have a random sample from a N (1, 1) and we want an interval estimator
for ;1. We know that Z = /n(Y — p) ~ N(0, 1). If oy, crp are positive numbers such that
a = aq + ap, We can write
P(Zal < \/ﬁ(}_f - :u) < Zl*OZQ) =1- P<Z < Zal) T P(Z > Zl*az)
:1—041—[1—(1—(12)]
=1- (061 + 042)
=1—-aq,

By rearrangement we get the interval estimator for p

_ 1 _ 1
{Y - %21—@7 Y + ﬁzl—a1:|

The (expected) length of the interval above is

_ 1 _ 1 1
E\WY+—2Z_,-Y——Z_,| =—7(Z1_, Z_,
|: +\/ﬁl 1 \/ﬁl 2:| \/ﬁ(l 1+ 1 2)

Using statistical tables we can construct the following table, where we fix oy + oy =
0.05. Hence we have the length of 95% confidence intervals for the mean of a normal
distribution with unit variance for various lower and upper endpoints.

o ay  Ziay Zi-a, +/nlength

0 0.05 400 1.645 00
001 004 2326 1.751 4.077
002 003 2.054 1.881 3.935
0.025 0.025 1.96 1.96 3.920
0.03 0.02 1.881 2.054 3.935
0.04 001 1.751 2.326 4.077
0.05 0 1.645 +o0 00

Why 95%:

Let us consider symmetric intervals with confidence levels 0.8, 0.9, 0.95, and 0.99. Using
the previous procedure and statistical tables we can construct the following table where
we have the length of intervals for the mean of a normal distribution with unit variance
for various confidence levels.

o Qg Z1 0, Ziay +/nlength

0.1 0.1 1.2816 1.2816 2.563
005 005 1.645 1.645 3.290
0.025 0.025 1.96 1.96 3.920
0.005 0.005 2576 2576 5.152

The level 95% is chosen as a compromise between length and confidence.

99



25.2 Finding Interval Estimators from Pivotal Functions

A way to construct a 1 — « confidence set for € is by using a pivotal function.

Definition of a pivotal function: Consider a sample Y with density fy (y|f) and suppose
that we are interested in constructing an interval estimator for 6. A function G = G(Y, 6)

of Y and @ is a pivotal function for ¢ if its distribution is known and does not depend on
6.

Example: Let Y1,Y5,...,Y,, be a random sample from a N (u, 0%) with 1 unknown and

o2 known. We know that
2
Y ~ N (u, 0—) :
n

and we can use the above to get the following pivotal function

Y —p
o/\n
Notice that Z depends on g but its distribution does not change regardless of the value of
L.

~ N(0,1).

Example: Let Y}, Y5, ..., Y, be a random sample from a N (u, o?) with y known and o2
unknown. We know that

Yi—p
g

Z; = ~ N(0,1),

and that Z;’s are independent. Getting ., Z? gives us the following pivotal function

i Ziz _ Z?:l(Y; - U)Q 2
i=1

o? ™ Xn:

Example: Let Y7,Y5,...,Y,, be a random sample from a N(u,o?) with both z, 0 un-
known. Now we cannot use _
Y —p
o/\/n

as a pivotal function for i because its distribution also depends on the unknown parameter
o. Instead we use

~ N(0,1)

V-

In the same way we cannot use » ., Z7 for o since its distribution depends on z which is
unknown, instead we can use

(n—1)5° 2
T ~ Xn—l'
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Constructing an interval from a pivotal function:

Suppose that we have a sample Y. To construct an interval estimator with confidence level

1 — « for the parameter # using a pivotal function one can use the following procedure:
Step 1: Find a pivotal function G = G(Y/, #) based on a reasonable point estimator for 6.

Step 2: Use the distribution of the pivotal function to find values g; and g such that
Pl <GY,0)<g)=1-a
Step 3: Manipulate the quantities G > ¢g; and G < g to make 6 the reference point. This
yields inequalities of the form

0>U(Y,g1,92) and 6 < Us(Y, q1,92),

for some functions U; (.) and Us(.) independent of parameters.

Step 4: Give the following interval
[Ul(Y7 g1792)a UQ(Y7 gl?QQ)}'

Note: The endpoints U;, U, are usually functions of one of the g; or g, but not the
other.

Example: Interval for i, N(j, c?) with known o2

Suppose that we have a random sample Y from a N (u, 0%) (with o known) and we want
an interval estimator for x with confidence level 1 — a.

Step 1: We know that -
Z—2(V.p) = 2 ZH N0, 1)
- y ) = O'/\/ﬁ ) .

Thus Z is a pivotal function.

Step 2: We can write

P(Zapp < Z < 21 op) =

— 1= P(Z < Zapp) — P(Z > Z1_ap)
=1l—-a/2—[1-(1-a/2)]
=1—(o/24+a/2)=1-a.

Step 3: Rearranging the inequalities we get

Y — u Y —u

— > Z, d —— < Z,_,

oy = S G = e
which we can rewrite as

o

_ o _
p<Y ——2Z,, and p > Y — \/ﬁzka/z

NG
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Step 4: Note that Z,/» = —Z;_, /2. We get

_ o — g
Y — %Zka/z, Y + ﬁzlfaﬂ]

Numerical Example: Suppose that we had n = 10, Y = 5.2, 02 = 2.4 and o = 0.05.
From suitable tables or statistical software we get Z 975 = 1.96, so an interval estimator
for ;1 with confidence level 1 — v is

5.2 — 1.961/2.4/10, 5.2+ 1.961/2.4/10]

or else [4.24, 6.16].

Example: Interval for i, N(u,0?), with unknown o2

Suppose that we have a random sample Y from a N (u, 0%) (with also o unknown) and
we want an interval estimator for ;4 with confidence level 1 — a.

Step 1: We know that

v —
T=T(,p) = T\//—; ~tpo1.

Thus 7' is a pivotal function.

Step 2: We can write

P(tp1a/2 T <tlp11-a/2) =

=1 P(T < tn—l,a/Q) — P(T > Tn_Ll_a/Q)

=1—a/2—-[1-(1—-a/2)]

=1—(a/24+a/2)=1-q.
Step 3: Rearranging the inequalities we get

Y — Y —

—lu > tnfl,a/2 and

S/v/n

which we can rewrite as

1
<tp11-a/2

S/v/n

_ S _ S
<Y ——ty 142, and p > Y — _ntnfl,lfa/Q

Vi Vi

Step 4: Note that £, /2 = —t,,—1,1—a/2. We get

g )
Y__tnf —a/2 Y _tnf —a
Jn 1L1-a/2 +\/ﬁ 1,1—a/2
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Numerical Example: Suppose that we had n = 10, Y = 5.2, S? = 2.4 and o = 0.05.
From suitable tables or statistical software we get t9 975 = 2.262, so an interval estimator
for ;4 with confidence level 1 — v is

[5.2 —2.2624/2.4/10, 5.2+ 2.262+/2.4/10]

or else [4.09, 6.31].

Note: Compared with the known o2 case the interval is now larger despite the fact that

S = o. The ¢ distribution has fatter tails than the standard Normal. On the other hand as
n grows the ¢ distribution gets closer to the Normal.

Reading

G. Casella & R. L. Berger 9.1,9.2.1,9.2.2,9.3.1

26 Asymptotic Evaluations

So far we considered evaluation criteria based on samples of finite size n. But as men-
tioned above there may be cases where a satisfactory solution does not exist. An alter-
native route is to approach this problems with letting n — oo, in other words study the
asymptotic behaviour of the problem. We will look mainly into asymptotic properties
of maximum likelihood procedures.

26.1 Summary of the Point/Interval Estimation Issues

* In point estimation we use the information from the sample Y to provide a best
guess for the parameters 6.

» For this we use statistics termed as estimators,
0 =h(Y),
that are functions of the sample Y. The realization of the sample provides a point

estimate which reflects our belief for the parameter 6.

* There are many ways to find estimator functions. For example one can use the
method of moments or maximum likelihood estimators.

* We look for estimators with small mean squared error, defined as



e But it is very hard to compare estimators based solely on MSE. Even irrational
estimators like
=1,

are not worse than reasonable ones for all ¢. For this reason we restrict attention to
unbiased estimators
E0) =0.

* An optimal solution to the problem is given by a minimum variance unbiased
estimators. Note that the variance of an unbiased estimator is equal to its MSE. If
such an estimator exists it is unique.

* The Cramér-Rao theorem provides a lower bound for the variance of an unbiased
estimator. Therefore if the variance of an unbiased estimator attains that bound, it
provides an optimal solution to the problem.

 Alternatively if an unbiased estimator is based on a complete sufficient statistic it
is also of minimum variance (see Rao-Blackwell theorem).

* Problem: Even an unbiased estimator may not be available or may not exist.

* In interval estimation we want to use the information from the sample Y to provide
an interval which we believe contains the true value of the parameter(s).

* The probability that the random interval contains the true parameter 6 is termed as
coverage probability.

* The infimum of all the coverage probabilities is termed as confidence coefficient
(level) of the interval.

* A way to construct an interval is by using a pivotal function, that is a function of
Y and 6 with distribution independent of 6.

* Alternatively one may invert an « level test of H : § = 6y. The parameter points
0y that provide an acceptance region A that contains the observed sample, provide
a 1 — o confidence level interval. Conversely we can find the acceptance region of
an « level Hy : 0 = 0 test by taking the sample points Y for which the resulting
1 — « confidence level interval contains 6, (see definitions in Chapter 6).

* There may exist more than one intervals with the same level. One way to choose
between them is through their expected length.

* Problem: Sometimes it may be even hard to find any ‘reasonable’ interval estima-
tor.

26.2 Asymptotic Evaluations

Definition: A sequence of estimators U, = U(Xj, ..., X,) is a consistent sequence of
estimators for a parameter 0 if, for every e > 0 and every 0 € O,
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lim Py(|U, — 6] <€) =1.

n—o0
In other words a consistent estimator converges in probability to the parameter @ it is esti-
mating. Notice that for any ¢ the property must hold, that is if we change 6 the probability
Py changes but the limit will still hold.

Theorem: If U, is a sequence of estimators for a parameter ¢ satisfying

1. limy, e V(U,) = 0,
2. lim,_ Bias(U,) = 0,

for every 6 € O, then U, is a consistent sequence of estimators.

Proof: we use Chebychev inequality, as n — oo,

E((U, — 0)*] _ Bias(U,)* + V(Us)

5 5 — 0.

Py(|U, — 0| > ¢€) <

€ €

An example is provided by the sample mean which has zero bias and variance V' (X;)/n.

Definition: An estimator is asymptotically unbiased for ¢ if its bias goes to 0 as n — oo
forany 6 € O.

Definition: The ratio of the Cramér-Rao lower bound over the variance of an estimator is
termed as efficiency. An efficient estimator has efficiency 1. We can compare estimators
in terms of their asymptotic efficiency, that is their efficiencies as n — oo. An estimator
is asymptotically efficient if its asymptotic efficiency is 1.

Theorem (Asymptotic normality of MLESs): Under weak regularity conditions the max-
imum likelihood estimator g(6) satisfies

vn [g(é) — g(@)} 4N (O, %) , N — 00,

where g is a continuous function. We may also write

9(6) "= N(g(6), 0(6)),

g'(0)?

where U(9> = I0y)

which is the Cramér-Rao lower bound, since Z(0|y) = nZ(0|y;).
Therefore, Var(g()) = v(0).

The estimator 6 is computed using a sample of size n hence it depends on n and the
theorem tells us its behaviour when we consider larger and larger samples.

Corollary: Under weak regularity conditions the MLE é, or a function of it, is consistent,
asymptotically unbiased and efficient for the parameter it is estimating.

Slutsky’s theorem If, as n — oo, X, i> Xand Y, 2, & with a constant then
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a. Y, X, 5 aX:

b. X, +Y, % X +a.

Actually asymptotic normality implies always consistency. Indeed, we have

VnZOly)(0—0) S Z ~ N(0,1), n— o,

- 1 ~ d .. 1
(6-) = <—> (\/nI(0|yi)(6’ - 9)) A lim (W) Z=0, n— oo,

nZ(0ly:) e

and convergence in distribution to a point is equivalent to convergence in probability. So
0 is consistent estimator of 6.

Asymptotlc distribution of MLE’s - Sketch of proof: Assume g(¢) = 6 and let s'(6]Y")
denote % s(0]Y'). Let 0 be the MLE of the true value which we denote as 6.

Consider a Taylor series expansion around the true value 6
s(0)Y) = s(6]Y) + 5" (00]Y) (0 — 6p) +
Ignore the higher order terms and substitute § with 0

s(OY) = s(6o]Y) + 5 (6o]Y) (0 — 65) =

=0—0)=— s(BlY) (since s(O]Y) = 0) =

s'(6o]Y)
. Y1 5(0o]Y)
Then, recall that
s(O]Y) =) s(0]y). (16)

=1

Using (I6), the numerator of (I3) becomes

Pstony) = i (2200 o) 4 v z@l). 0

n

from the Central Limit Theorem for i.i.d. random variables and since E[s(6y]Y;)] = 0,
Var[s(0o|Y;)] = Z(6o|Y3)-

For the denominator of (13]), using the Weak Law of Large Numbers for i.i.d. random

variables, we get

n

1 / 1 / /
—=s/(00lY) = == > 5/ (00]Y2) B B [=5'(00]Y0)] = Z(Blys),  n — oo,

i=1
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Combining these two results and using Slutsky’s theorem we get that, as n — oo,

Yg(6o]Y) 4 1 A q 1
n~ L 0, = 0—-—00—>N|0,—/——].
—Lg(0,]Y) ( I(eo|yi>> " ( I(%Ly))

V(0 — o) =
since Z(6ply) = nZ(0o|y;)-

Asymptotic pivotal function from MLEs: Note that

VZ0|y) (0 — 6) TR N(0,1).

Also, since @ is consistent for 6, the quantity Z(f|y) converges in probability to Z(0]y).
Hence, in a second level of approximation, we can write for large sample sizes n

Z(Oly)(6 —6) "7 N(0, 1).

We say that this function is asymptotically pivotal for 6.

Example: Asymptotic estimation of Bernoulli Let (Y7,...,Y,,) be a random sample
from a Bernoulli(p). We know that

e T=5%",Y, ~ Binomial(n,p).

e The MLE forpisp =Y.

* The Fisher’s information is Z(p) = PR

The MLE for p,p =Y is consistent, (asymptotically) unbiased and efficient. The asymp-

A approx p ]. p
D ~ N ( 7 ( - ) ) .

In an extra level of approximation we may use

p 7y (p 202

n
Let S, = ’@. Then

PN (p,S,) = LW N1,

/5,

We can use the above to construct the following asymptotic 1 — « confidence interval
[]3 — Zi_a2\/Sp, P+ Zka/g\/Sp]
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Note: The above interval may take values outside [0,1].

Example: Asymptotic estimators, intervals for functions of parameters Let Y =
(Y1,...,Y,) be arandom sample from a N (0, o2). We want a point and interval estimator
for 0. The MLE for ¢? is 6% = ”T_ISQ, where S? is the sample variance. Hence, a
consistent, asymptotically unbiased and efficient estimator is the MLE for o, that is

1
6=v52=25/"

n

Note that both 62 and 6 are biased for small samples. But their bias goes to 0 as n — oo.
We are interested in o = g(0?) = (0)/2. The Cramér - Rao lower bound is equal to

C(Ze0?)” & o

ST T

204

If we further substitute v(6) = %/2n for v(o) we get

06—o0 approx

2 N(0,1)

¢ RIN (0,0(0)) = —=—
v(o)

which leads to the following asymptotic 1 — « confidence level interval for o

[ef — 21 (0), G+ Zl_a/z\/@] .

Reading

G. Casella & R. L. Berger 10.1.1, 10.1.2, 10.3.1, 10.3.2, 10.4.1

27 Hypothesis Testing
Problem:
* Suppose that a real world phenomenon/population may be described by a probabil-

ity model defined through the random variable Y with Fy (y|0).

* Suppose also that a sample Y = (Y3,Y3,...,Y},) is drawn from that distribu-
tion/population.

* We want to use the information in the random sample Y to answer statements about
the population parameters 6.
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27.1 Statistical tests

27.1.1 Definitions

A hypothesis is a statement about a population parameter.

The two complementary hypotheses in a hypothesis testing problem are often called
the null and alternative. They are denoted by H, and H; respectively.

A simple hypothesis takes the form
HO 10 = C,
where c is a constant. A hypothesis that is not simple is called composite, e.g.

H036§C7

A hypothesis test is a rule that specifies

1. For which sample values the decision is made to accept H as true.

2. For which sample values H is rejected and H; is accepted as true.

The subset of the sample space for which H, will be rejected is termed as rejection
region or critical region. The complement of the rejection region is termed as a
acceptance region.

The test rule is based on a statistic, termed as the test statistic.

Test Statistics

The crucial part is to identify an appropriate test statistic 7.

One of the desired features of 7' is to have an interpretation such that large (or small)
values of it provide evidence against H.

We also want to know the distribution of 7" under Hy, that is when H, holds.

We focus on test statistics that have tabulated distributions under H, (Normal, ¢, x2,
F). But this is only for convenience and it is not a strict requirement.

Example: Let Y = (Y},Ys,...,Y,) be random sample Y of size n from a N(u,o?)
population (with o is known). Is  equal to ji or larger for a given value y1o?

The hypotheses of the test are

Hy: p=po versus Hy: p> pg
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One test may be based on the test statistic Y with rejection region

R=|po+ 1.9617 00
n

NG

The rule is then to reject Hy if Y > 11 + 1.96 7.

27.1.2 Types of errors in tests, power function and p-value

Consider a test with H, : 6 € Oy versus H; : 0 € O.
Type I error: If 6 € ©( (H) is true) but the test rejects Hy.

Type Il error: If § € ©, (H, is true) but the test does not reject H.

Accept H Reject Hy
Hy is true | Correct Decision Type I error
Hi is true Type II error Correct Decision

The Type I error is associated with the significance level and the size of the test.

Definition: The test has significance level « if

sup Py(Reject Hy) < «
[USSH

The test has size « if

sup Py(Reject Hy) = «
(ASSH)

Note: If the null hypothesis is simple then the size of the test is the probability of a type I
error.

Power function: Let H, : 0 € O, H, : 0 € ©f. The power function is defined as

p(0) = Py(Reject Hy),
that is the probability that the null hypothesis is rejected if the true parameter value is 6.

Note:

probability of Type I error if 0 € O,

B(0) = Py(Reject Hy) = { 1 — probability of Type Il error, if 6 € OF.

110



Also we can define the level and the size of the test through the power function

Level: sup 5(0) < «, and Size: sup 3(0) = «a.
(ASSH) €O

Ideally we would like the power function 5() to be O when 6§ € ©¢ and 1 when 6 € O,
but this is not possible. In practice we fix the size o to a small value (usually 0.05) and
for a given size we try to maximize the power. Hence

* Failure to reject the null hypothesis does not imply that it holds and we say that we
do not reject H rather than saying we accept H.

* We usually set the alternative hypothesis to contain the statement that we are inter-
ested in proving.

Example of a power function (previous example continued): The power function of
the test is

B(i) = P(Y € R) = P(V > o + Z1-00/ V)

=+ (G > )

p-value: From the definitions so far, we either reject or not reject the null hypothesis. The
following quantity is also informative regarding the weight of evidence against H,.

Definition: Let 7'(Y) be a test statistic such that large values of T" give evidence against
Hy. For an observed sample point y the corresponding p-value is

p(y) = sup P(T(Y) > T(y))
IS

Notes:

1. Clearly 0 < p(y) < 1. The closer to 0 the more likely to reject.

2. In words, a p-value is the probability that we got the result of the sample or a more
extreme result. Extreme in the sense of evidence against H,.
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3. If we have a fixed significance level «, then we can describe the rejection region as

R={y:ply) <a}

We reject H if the probability of observing a more extreme result than that of the
sample, is small (less than «).

4. A similar definition can be made if small values of T give evidence against H,.

Example of a p-value (previous example continued): Let Y = (Y;,Y5,...,Y,) be
random sample Y of size n from a N (u, 0%) population (with o2 is known). We want to
test Hy : p < g versus Hy @ p > pig.

Note Y denotes the sample whereas y the observed sample. Also we use Y as T(Y) and
large values of Y provide evidence against H,

=g P 20= g P (G S
i Cra<imi))
= {-e (i) =1 ()

27.1.3 Constructing Statistical Tests

The procedure for constructing a test can be given by the following general directions:
Step 1: Find an appropriate test statistic 7'. Figure out whether large or small values of T’
provide evidence against H. Also find its distribution under H,.

Step 2: Use the definition of the level/size « and write (R is unknown)

Py (T € R)<a, or Pp(T €R) =«

Step 3: Solve the equation to get R. The test rule is then ‘Reject Hy’ if the sample Y is in
{Y:T(Y) € R}.

Example of a Statistical test (cont’d) Let’s come back to the previous example with
Hy:p=povs Hi:p> po.

Step 1: Test statistic Y. Large values are against Hy. Under H, Y ~ N (o, 0?) or we

could use B
Y — po

o/v/n
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Step 2: We know that under H,,

() - (o)

Note: It can be shown that the above also holds for Hy : 1 < pp.

Step 3: From

Y — o
P Zi )=
(o/ﬁ> ”) *

we can get to

P (Y > o + Zlfao-/\/ﬁ) = Q,

hence

R=A{Y:Y > o+ 21 o0/v/n}

27.2 Most Powerful Tests

The tests we are interested in control by construction the probability of a type I error (it
is at most av). A good test should also have a small probability of type II error. In other
words it should also be a powerful test.

Definition: Let C be a class of tests for testing Hy : 0 € O versus H; : 0 € ©f. A testin
class C, with power function 3(0), is a Uniformly Most Powerful (UMP) class C test if

B(6) = B'(9)
for every 6 € ©F and every §'(6) that is a power function of a test in class C.
Theorem (Neyman-Pearson Lemma): Consider a test Hy : 0 = 6, versus H; : 0 = 0

and let fy (y|6y), fy(y|61) denote the pdf (pmf) of the sample Y. Suppose that a test with
rejection region R satisfies

. fY(y|91)
ye R, if ————=>Fk,
fY(f‘/|90>
for some & > 0 and
o = PgO(Y S R)

A test that satisfies the above is a uniformly most powerful test of size a.

Notes:
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1. The value £ may be chosen to satisfy

o fy (y]01) ) _
Pgmk(y < R) = Pgo (fy<y’90) >k) =«

2. The above ratio of pdf’s (or pmf’s) is the ratio of the likelihood functions.

Proof of Neyman-Pearson Lemma: Preliminaries: We give the proof for continuous
random variables. For discrete random variables just replace integrals with sums.

Let ¢s(Y') denote the rule of a test S with rejection region Rg. Note that ¢s(Y) = I(Y €
Rg) where I(-) is the indicator function. Hence for all ¢

. os(Y) fy (y]0)dy = ; Ty (yl0)dy (17)
Elps(Y)] = . os(y) fy (yl0)dy = ; fr(y]0)dy
= Py(Reject Hy) = Bs(0) (18)

where [s(6) is the power function of S.
Let 7" be the Neyman-Pearson lemma test, that is

Rr ={y € R": fy(y|61) — kfy(ylo) > O},
with rule ¢r(Y) = I(Y € Rr). Let S be another test with ¢s(Y"). Then

or(y) = ds(y), for y € Ry, (19)
because in Ry we have ¢r(y) = 1 while in general 0 < ¢5(y) < 1.

Consider the quantity B = ¢s(y)[fy (y|61) — kfy (y|0o)]. fy € Ry, B > 0. Ify ¢ Ry,
B < 0. Hence

. os(y)[fy (yl01) — kfy(ylbo)]dy < ; os(y) [ fy (Wl01) — kfy(yl6o)ldy  (20)

Main Proof: Let 7" be the Neyman-Pearson lemma test and S be another test of size .

35(600) ~ bs(00) © | 05 0161) — kS (o) dy

(20)
< : os(y)[fy (W|01) — kfy (y|6o)|dy

[
< o7 (y)Lfy (Yl01) — K fy (y]6o)]dy

Rt

o or(y)fy (yl6h) — kfy (y]6o)]dy

Br(61) — kBr(6y)

=
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Since both 7" and S are size « tests,

BT(QO) = 55(90) = Q.

Therefore we can write

Bs(01) < pr(6),

which implies that 7" is a uniformly most powerful test of size «.

Example (Neyman-Pearson Lemma): Let Y = (Y},Y5,...,Y,) be random sample Y
of size n from a N(y, 0?) population (with o is known). We want to test Hy : 1 = pp
versus Hy @ p = ju;.

Step 1: The likelihood ratio from the Neyman-Pearson Lemma is
 Liu]Y) _ 2mo?) 2 exp{— gk [n(Y — m)? + (n— 1)5%)
L{polY)  (2m0?) 72 exp{—55[n(Y — po)* + (n — 1)S?]}
= exp (%(—?2 +2mY — pf + Y2 = 2p0Y + /ﬁ))

28— 1) = 2V (o — )

202

LR

:exp(

If pio < p the above is large when Y is large. If y1o > 1 the above is large when Y is
small. So Y can be a test statistic. Its distribution is known to be

2
7 o~ N(m 0_)
n

Step 2: We want

Py, {exp (%[(Mﬁ — i) = 2Y (po — m)]) > k} = a.

Step 3: If 119 < p1 the above is equivalent with

o (3= ) — 2 log(k) .
{Y> 2110 — 1) }‘

P

Ho

But we also know that Y ~ N (uo, Z) under Hy, then

P (Y > po+ Z1_00/v/n) = a,

is an equivalent test being based on the same statistic. This will give us a most powerful
test for this testing problem.
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Example (Neyman-Pearson Lemma): Let a random sample Y = (Y3,...,Y,,) from a
Poisson(\) and Hy : A = Ao vs H; : A = \;. The Neyman-Pearson lemma likelihood
ratio is

—n i Yi Y
LR = € /\1/\12: /Hz}/;' — en()\O*/\l) <ﬁ>z
ST ATRT .

A test with rejection region from LR > k is such that
“ logk — TL()\O — )\1)
P Y, > =k | =
(Zl log Ay — 1og A tp=«

but we also know that ) . Y; ~ Poisson(n)g) under Hy so we can find k.

Letn =8, A\g = 2 (3_,;Y; ~ Poisson(16)) and \; = 6. The size is 0.058 with k; = 22
and 0.037 with k; = 23. A test with significance level 0.05 corresponds to a k; = 23.
What if \; = 1507

Neyman-Pearson lemma for 1-sided composite hypotheses:

Neyman-Pearson lemma refers to tests with simple hypotheses
Hy:0=0y versus H;:0=0,.

but sometimes may be used for composite hypotheses as well.

Assume a rejection region independent of ;. If 6, < 6;, the test is most powerful for all
6, > 6y. Hence it is most powerful for

Hy:0=0, versus H;:0 > 0,.
Similarly, if 6 > 6; the Neyman-Pearson lemma test is most powerful for

Hy:0=0, versus H;:0 < 6,.

What about
H(]I@Seg versus H120>90, ?

The power is not affected, but is the size of the test still «? we would have to show that

sup P(Reject Hy) = a.
6<6o

Example (Neyman-Pearson Lemma): Let Y = (Y7,Y5,...,Y,) be a random sample
from N (u, 0?) population (with o2 is known).
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We showed that for testing Hy : u = po versus Hy : p = pq, the UMP size « test is
constructed by

LR = exp (55[(uE — i) — 2V (o — )] ) > b

202
which for 1y < pq is equivalent to
}7 > o + Zl,aa/\/ﬁ.

Note that the rejection region is independent of i, thus the test is applicable for all
(1 > po. Hence it is also the UMP test for

Hy = po, versus Hy:p > g

What about testing problems of the following form?

Hy:p < pg, versus Hy:p > pg.

The UMP test above would be a size « test if
sup P(Reject Hy) = sup [(u) = a.
H<po P po

where [3(u) is the power function (derived on the notes of previous lectures). We can

write
K= Mo
sup B(u) = sup {1 - (Zl—a - )] :
p<po p<po U/ﬁ

The function inside the supremum is increasing in p and equal to o if 1 = . Therefore
the above supremum is equal to o.

Note: The UMP test usually does not exist for 2-sided (composite) alternative hypotheses.

Corollary: Consider the previous testing problem, let 7'(Y") be a sufficient statistic for
0, and g(t]0y), g(t|01) be its corresponding pdf’s (or pmf’s). Then any test with rejection
region S (a subset of the sample space of T") is a UMP level « test if it satisfies

g(t]61)

tes, if
9(t|6o)

>k,
for some k > 0 and o = Py, (T € S).

Proof: Since T is a sufficient statistic we can write

fwlo)  g(t6)h(y)  g(t]61)

fyloo) — gtl0o)h(y) — g(tl6o)
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27.3 Likelihood ratio test

Let © = Oy U ©F and consider hypothesis testing problems with

Hy:0 €0y versus H;:0¢€ 0Oy.
Definition of Likelihood Ratio test: Let Y = y be an observed sample and define the
likelihood by L(6|y). The likelihood ratio test statistic is

)\( _ SUPgeo L(0ly) _
SUPeeeo L(9|y)

A likelihood ratio test is a test with rejection region y : A\(y) > c.

The constant ¢ may be determined by the size, i.e.

sup Py(A(Y) > ¢) = a.
[ASSH

Notes:

* The numerator is evaluated at the value of # corresponding to the MLE, that is the
maximum of the likelihood over the entire parameter range.

* The denominator contains a maximum over a restricted parameter range.

* Hence the numerator is larger or equal to the denumerator and the statistic of the
likelihood ratio test is always greater than 1.

* [ts distribution is usually unknown.

Example (Likelihood Ratio test): Let a random sample Y = (Y3,...,Y,) from a
N (1, 0?), (with o known). Consider the test Hy : p = juo versus Hy : pi # po. The
MLE is it = Y, hence the likelihood ratio test statistic is

) = LY _ Cro?) " Pep(—aloly = i + (n = DS}
L(M0|Y)_ (2ma?) /2 exp{— 5z [n(Y — po)? + (n — 1)S?]}
— exp (M) |

202

—Ho
o/

The test A(Y') > k is equivalent with the test

> k.

B
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We can write the previous rejection region as

S R R

R = {yzggug—kla/\/ﬁ}u{y:ﬂZuo—f—kla/\/ﬁ}
~ N(0,1), if we set ky = Z,_,/» the size will be a:

Y—po
o/vn

Since

Y — o Y — o
P,(Y € R)= P, ( YN < —Zl—a/Q) + Py, <0/—\/ﬁ > Zl—a/2>
= B(Za) 41— B(Zy ) = /2 4+ 1 — (1—a/2)

=

Note: Equivalently one can use the fact that 2log A\(Y') = (YU_Q’;Z)Z ~ X1

Theorem (Likelihood ratio test and sufficiency): Let Y be a sample parametrised by ¢
and T'(Y') be a sufficient statistic for 6. Also let \(.), A*(.) be the likelihood ratio tests for
Y and T respectively. Then for every y in the sample space

AMy) =X (T'(y)).

Proof: because of sufficiency we have

Ay) = Poco L) _ supseo 9(0IT () (y)
suppeo, L(0ly)  suppee, 90T (y))h(y)
_ Supyeo L(0T(y)) _ .
= Subpeo, L OT(y) " FW)

Likelihood Ratio test for nuisance parameters

Suppose that # can be split in two groups: ¢ the main parameters and v the parameters that
are of little interest. We are interested in testing the hypothesis that 1) takes a particular
value

HO . @ZJ = 1/}07 veN

Hy i ¢ # 4o, vEN.

The likelihood ratio test is
Supw,u L(¢> y|y)

sup, L(v|¢o,y)

My) =

The test may be viewed as a comparison between two models:

* The constrained model under H, with parameters v.
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* The unconstrained model under H; with parameters v, 1.

Generally in statistics, models with many parameters have better fit but do not always give
better predictions. Parsimonious models achieve a good fit with not too many parameters.
They usually perform better in terms of prediction. The likelihood ratio tests provides a
useful tool for finding parsimonious models.

Example (Likelihood Ratio test): Suppose that X;,..., X, and Y;,... Y, are two in-
dependent random samples from two exponential distributions with mean \; and A, re-
spectively. We want to test

HO . )\1 = )\2 = )\, versus H1 : )\1 7£ )\2.

The likelihood function is
L1, Aalz,y) = A" exp (‘ in/Al) Ay exp <— Zyi//\2> :
i=1 i=1

Under the unconstrained model of H; we have AMEE = X and AMLEF = V. Under the
constrained model of H, we get

AMEE (X 1Y) /2.
Hence, the likelihood ratio test statistic is
LOYE 3 P y) (X 4122

LR = — . = _
L(AMLE \MLE|y. ) Xnyn

o[\ R TR

We do not know the distribution of the LR test statistic. We may attempt to isolate 1" =
X /Y, but since LR is not monotone in 7" we cannot construct a test.

Note: We will see in the next sections how deal with such cases by constructing asymp-
totic tests.

27.4 Other tests based on the likelihood

The Wald test: Suitable for testing simple null hypotheses H : 8 = 6, versus Hy : 0 #
fy. The statistic of the test is )
0 — 0y

~

se(0)

The estimator 6 is the MLE and a reasonable estimate for its standard error se(é) =

~

V() is given by Fisher’s information.
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The Score test: Similar to the Wald test but it takes the form

S(6o)
1(6o)

7 =
where S(-) is the Score function and /(-) is the Fisher information.

Multivariate versions of the above tests exist. These tests are similar to the likelihood
ratio test but not identical. As with the likelihood ratio test, their distribution is generally
unknown. For ‘large’ sample sizes the likelihood ratio, score and Wald tests are equiva-
lent.

28 Asymptotic Evaluations for Hypothesis Testing

28.1 Summary for Hypothesis Testing Issues

* In hypothesis testing we want to use the information from the sample Y to choose
between two hypotheses about the parameter ¢: the null hypothesis H, and the
alternative /7;. The sample values for which the H is rejected (accepted) is called
rejection (acceptance) region.

* There are two possible types of errors. Type I error is if we falsely reject H,
whereas type Il is if we don’t reject 1, when we should.

* The level and size « of a test provide an upper bound for the type I error.

* The rejection region R, and hence the test itself, is specified using the probability
that the sample Y belongs to R under H is bounded by «. If Hy : 6 € O, we use

sup (Y € R)
[US(SH

¢ A famous test is the likelihood ratio test.

* The type Il error determines the power of a test. In practice we fix « and try to
minimize (maximize) the type II error (power).

* To find a most powerful test we can use the Neyman-Pearson Lemma. It refers
to tests where both Hj, and H; are simple hypotheses but can be extended in some
cases to composite hypotheses. A version based on sufficient statistics, rather than
the whole sample Y, is available.

* Problem: A uniformly most powerful test may not be available or may not exist.
Sometimes it may be even hard to find any ‘reasonable’ test.
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28.2 Asymptotic Evaluations

Theorem (Asymptotic distribution of scalar LRTs): For testing H, : § = 6, versus
H, : 6 # 0y, assume a random sample Y parametrised by a scalar parameter # and let
A(Y') be the likelihood ratio test. Under Hy as n — oo

d
2log \(Y) — X}

provided certain regularity conditions hold for the likelihood.

Suppose that  can be split in two groups: § = (1, v) where 1) are the main parameters of
interest of dimension k. Consider the test

HO:¢:¢O7 veN

Hliw%wo, v e N.

Equivalently, suppose that we want to compare the constrained model of H, with the
unconstrained model of H;.

Theorem (Asymptotic distribution of multi-parameter LRTs): Provided certain regu-
larity conditions hold, under H

2log A\(Y) N Xi N — 0o.

Note that £ is the number of restrictions we are testing for.

Example: Let Y = (Y3,Y3,...,Y},) be a random sample from an Exponential()\) distri-
bution. We want to test

Hy: X=Xy versus Hy:\# .

The MLE of ) is A\ = Y. The likelihood ratio test statistic is

LR(Y) — Sup)\>0 L()\’Y) — S\_TL eXp(_n}_//S\) _ ?_n exp<__n) '
L(AolY) Ao texp(—nY /o) A" exp(—nY /\)

We cannot construct an exact test since

* The distribution of LR(Y) is unknown,

¢ The distribution of Y is known but LR(Y’) is non-monotone in Y.
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Consider the quantity
2log LR(Y') = 2n [log(Xo) — log(Y) — (1 =Y /Xo)]
The previous theorem establishes that, under H, and for n — oo,
2log LR(Y) ~ X2
Hence, the asymptotic likelihood ratio test of size « rejects if 2log LR(Y) > X%,l—a’

where x7,_, is the (1 — a)th percentile of a x7 distribution.

Example: Let Y = (Y3,Y5,...,Y,,) be arandom sample from an Poisson(\) distribution.
We want to test
Hy: X=Xy versus Hy:\# .

The MLE of ) is A\ = Y. The likelihood ratio test statistic is

LR(Y) = Supyso L(A]Y) _ exp(—nﬂ)j\”fi
L()\U]Y) exp(—n)\o))\gy

— expln(ho — V)] (%) "

We cannot construct an exact test since

* The distribution of LR(Y) is unknown,

» The distribution of Y is known but LR(Y") is non-monotone in Y.

Consider the quantity
2log LR(Y) =2n [(Ao = Y) — Ylog(Xo/Y)]
The previous theorem establishes that, under H, and for n — oo,
2log LR(Y) ~ X3

Hence, the asymptotic likelihood ratio test of size « rejects if 2log LR(Y) > X%,ka-
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